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Randomness on Full Shift Spaces*

Cristian S. Calude,’ Peter P. Hertling,* Helmut Jiirgensen,’ Klaus Weihrauch?

Abstract

We give various characterizations for algorithmically random configurations on full
shift spaces, based on randomness tests. We show that all nonsurjective cellular au-
tomata destroy randomness and surjective cellular automata preserve randomness. Fur-
thermore all one-dimensional cellular automata preserve nonrandomness. The last three
assertions are also true if one replaces randomness by richness,—a form of pseudoran-
domness, which is compatible with computability, the last assertion even for an arbitrary
dimension.

1 Introduction

Cellular automata were originally introduced by Ulam and von Neumann [28] as models for
natural complex systems, especially self-reproducing biological systems. Since then they
have been analyzed in many other contexts, e.g. for the simulation of physical phenomena,
for computability questions (cellular automata are capable of universal computation), for
random number generation, in the framework of formal language theory, in symbolic dy-
namics, and many more; compare e.g. Wolfram [30] and other papers in the same volume,
Toffoli, Margolus [27], Culik, Hurd, Yu [11], and Lind, Marcus [17].

Cellular automata show a uniform behavior over a certain region of the space. They
operate on configurations which consist of a discrete lattice of cells each of which is in
one of finitely many states. Time is discrete; at each time step the value of each cell is
updated uniformly according to a finite set of rules. The new value of a cell depends only
on the current values of finitely many cells in its neighborhood. Although cellular automata
can be described easily by a finite set of rules (the local function) they exhibit a rich
and complicated global behavior which often seems chaotic or random. In [31] Wolfram
discussed some aspects of cellular automata with respect to randomness in the sense of
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algorithmic information theory; compare Chaitin [7], Calude [4]. In this paper we give
several rigorous mathematical characterizations of random configurations and analyze the
behavior of cellular automata on random and nonrandom configurations.

The characterizations of random configurations are based on Martin-Lof’s [19] idea
to use randomness tests and the generalization of his ideas carried out by Hertling and
Weihrauch [13, 14]. We show that a cellular automaton is surjective if and only if it preserves
randomness of configurations. This gives a new characterization of the class of surjective
cellular automata. Note that the analysis and comparison of the classes of injective (or
reversible) cellular automata and surjective cellular automata have received great attention
in the past, starting with Moore’s Garden of Eden Theorem [22]; compare Myhill [23],
Richardson [24], Maruoka and Kimura [20, 21], and others. It follows directly from known
results that nonsurjective cellular automata destroy randomness. Furthermore, we show
that every cellular automaton of dimension 1 preserves nonrandomness, i.e., if started on a
nonrandom configuration then the following configuration is nonrandom as well. The same
statements are shown to be true also if randomness is replaced by the simpler “richness”
property (following Compton’s [10] terminology for one way infinite sequences we call a
configuration rich if it contains every finite pattern). In fact, cellular automata of arbitrary
dimension preserve nonrichness. At present it seems to be open whether arbitrary cellular
automata of dimension 2 or greater preserve nonrandomness. These definitions and results
may serve as a first step towards a better understanding of the “random” behavior of cellular
automata. Further possible questions in this context are formulated in the conclusions
section.

We give a short overview over the paper. In the next section we introduce and describe
full shift spaces and basic notions connected with them. We also introduce the notion of
an algorithmically random configuration. In Section 3 more characterizations (based on
randomness tests) and properties of random configurations are discussed; the construction
of new randomness spaces in terms of products and quotients of randomness spaces is also
analyzed. In Section 4, we define cellular automata and analyze their behavior with respect
to randomness and nonrandomness of configurations. Finally, in Section 5, we indicate some
possible further questions for study.

2 Full Shift Spaces

We introduce full shift spaces and several elementary notions connected with them, espe-
cially richness of configurations.

By N,Z we denote the sets {0,1,2,...} (of nonnegative integers)
and {...,—2,—1,0,1,2,...} integers, respectively. Let ¥ be a finite set with at least 2
elements, and let d > 1 be a positive integer. Then Z? is the d-dimensional lattice over
the integers Z. The space 52 is called a full shift space. We call the elements of % the
states, the number d the dimension, and the elements ¢ € ¥27 the configurations of the full
shift space. On such spaces we use the product topology induced by infinitely many copies
of the discrete topology on the finite space . For a configuration ¢ € $2 and a € Z¢ we
write ¢, instead of ¢(a); elements of Z? will be sometimes called cells and ¢, will then be the
content s of cell a. For r € N, let [—r, r] denote the set {—7,...,0,...,7}. By Tychonoff’s
Theorem the space »Z7 is compact because it is a countable product of compact spaces.



This space is in fact a metric space. One can, for example, use the metric dist defined by
dist(c, ') = 27™C) where

m(c,d) =min{r e N| Ja € [-r,r]?: ¢, # .},
for ¢,c’ € ©2’; here minf = co. The sets
{cEEZd|cz:s}, sex, zcZd

form a subbase of the topology on $Z? Cellular automata operate on full shift spaces.
Related questions will be discussed in Section 4.

. . . d

The name shift spaces comes from the fact that the shift mappings on the space L%

(d) ,

play an important role. Each integer vector a = (o, ..., aq) € Z% induces a bijection oy
227 5 52 defined by a((Ld) (¢)p = Cpra, for every b € Z%; it is called the shift map associated
with a. In the sequel the superscript (d) will be omitted when the dimension is clear from the
context. The shift map o, associated with the unit vector e; = (0,...,0,1,0,...,0) € VA
having a 1 in position ¢ and zeroes on all other positions is also written o;. The shift
mapping o1 is the usual left shift in the one-dimensional case.

We wish to define a random configuration of a full shift space. First let us look at
the simplest case, when the dimension d is equal to 1. For one-way infinite sequences® in
YN = {p | p: N — S} one obtains the well-known randomness notion from algorithmic
information theory; see Calude [4], Li, Vitanyi [16]. Random one-way sequences can be
defined via Martin-Lof’s [19] randomness tests or Chaitin [6, 7, 9] program-size complexity.
This “notion of randomness” will be defined precisely below. The simplest way to define
randomness for two-way infinite sequences over %, that is, for elements of %, is to use a
standard bijection from Z to N, e.g. the bijection (---) : Z — N defined by

(2) = 2z, if z2>0,
7N 2(=2) -1, ifz<o.

This bijection induces a bijection from =N to X% in the obvious way: one maps an element
p = (p;); € L% to the one-way sequence ¢ = (g,), € N defined by ¢, = P(z), for all z € Z.
Now it seems natural to call a two-way infinite sequence ¢ € £% random if and only if the
corresponding one-way infinite sequence p € ¥N is random.

This procedure can also be carried out in the case of a dimension d > 1. For this
aim we use a bijection from Z? onto N. The mapping 7 : N> — N defined by 7(i,j) =
(i+4)(i +j+ 1)+ i is a bijection. For d > 2 we define (---) : Z¢ — N recursively by

(z1,...,2q) = ((z1), (22, ..., 24)) -

This is a bijection for each d > 1.
If L; and Ly are countable sets, then a total mapping f : L1 — Lo induces a mapping
f:olz & 5l yia
f®)u =rrw),
for all p € ©¥2 and I; € L;. If f is a bijection, then also f is a bijection. Hence, for
each d > 1, the induced mapping (---) : ¥N — 2% is a bijection. It is clear that it is

In formal language theory one writes ¢ instead of Z~ and the elements of ¥ are called w-words.



even a homeomorphism, and induces a bijection of the following subbases of the respective
topologies: the pre-image under (---) of the cylinder {c € »nz | c; = s} C 22 for s € %
and z € Z% is the cylinder {c € BN | c(zy = 8}, and these sets form a subbase of the product

topology on XN . Furthermore, if we consider the product measure fi on XN and /i on 27 of

the uniform measure p on X, given by u({s}) = 1/|%|, then (- - -) is also measure preserving,
ie., [L(mfl(U)) = (U) for all open U C $2*. Thus, the mapping (--) really shows that
the spaces &N and ¥Z? are identical with respect to topology and measure. Using these
considerations we shall see later that it makes sense to call a configuration ¢ € 52’ random
if and only if the one-way infinite sequence (- --)(c) € =N is random.

There is just one more point which should be discussed: does the construction above
depend upon the bijection (---) : Z9 — N? Does the choice of the bijection influence the
definition? Certainly it does, because the notion of randomness for elements of ¥ is not
invariant under an arbitrary permutation of its entries.

Example 2.1 For every sequence cycicy... € BN, there exists a bijection 9 : N — N
such that the sequence cygycy)cy(2)--- € ¥N is nonrandom. Such a % can be obtained
for example as follows. If the cgcics ... is not random we can take ¢ to be the identity.
Otherwise we can assume, without loss of generality, that ¥ = {0,1,...,q — 1}, for some
g > 2. Some element of 3 appears in the sequence infinitely many times, say ¢; = 0, for
infinitely many 7. Let f: N — N be the unique and increasing function such that cz;) is
the (¢ 4+ 1)-st zero in cpcicy ... for all ;. We define ¢ by

f25+1), ifi=f(2j)+1,
P(i) =9 f(25)+1, ifi=f(2j+1),

Then the sequence cy;)cy1)cy(2) - -- does not contain an isolated zero, hence it does not
contain the word 101, hence it is nonrandom.?

But if ¢/ : N — N is a computable bijection, then a sequence cycics ... € BN is random
if and only if the sequence cy(o)cy(1)Cy(2) --- € YN is random (see Book, Lutz, Martin [2,
Lemma 3.4] or Hertling, Weihrauch [14, Corollary 4.9]). Hence, if a bijection b : Z¢ — N is
chosen such that (---) o b~! is computable we obtain via b the same randomness notion on
S22 4s via the bijection (--).

We would like to consider also a very weak form of randomness for which this is not
true: richness. Following Compton [10], we call a one-way infinite sequence ¢ € LN rich if
and only if every word w € £* occurs in ¢.® This can be transferred to configurations as
follows.

Two elements v € ¥4 and w € ©B for finite sets A, B C Z% are called equivalent if
and only if there exists an integer vector a € Z¢ such that A = a + B, and Vgtbp = wy for
all b € B. The equivalence classes of elements of £4 for finite subsets A C Z¢ are called
patterns (over ¥ and of dimension d). The equivalence classes of elements of 2{12n} for
any positive integer n are called cube patterns. The number n is called the side length of
such a cube pattern. We say that a pattern, given by a representative w € 4 for some

2 A random sequence in ™ contains every word in X*, see Calude [4].
®Richness is called disjunctiveness in formal language theory, cf. Jiirgensen and Thierrin [15].



finite set A C Z%, occurs or is contained in a configuration ¢ € $Z* if there exists an integer
vector b € Z¢ such that ¢y q = w, for all a € A.

Definition 2.2 We call a configuration ¢ € 2% pich if and only if every pattern over X
and of dimension d occurs in c.

It is clear that a configuration is rich if and only if every cube pattern (over X, of
dimension d) occurs in c.

We conclude this section with the observation that in contrast to randomness richness
is very fragile even under computable rearrangement of sequences. If a one-way infinite
sequence ¢ = cocicy... € LN is rich, then also the two-way infinite sequence ﬁ(c) =
...c3¢1¢0C2¢s - .. € 2% is rich, but the converse is not true. Indeed, let ¢ be a one-way rich
sequence and define another one-way sequence ¢ by ¢o; = ¢; and é2;41 = s for all ¢ where
s is a fixed element of 3. Then ¢ is not rich, but the corresponding two-way sequence
(--)(8) = ...ssscocrcpcs . . . is rich. Yet, by choosing a different bijection from Z to N one
can achieve equivalence of the richness notions on ¥N and ¥Z: it is not difficult to check
that a two-way sequence ¢ = ...c_sc_1¢gcics ... is rich if and only if the one-way sequence

CpC_1C_92C_3C1C2C3C_4C_5C_gC_7C_gC4Cx5CeC7C8C_9 ...C_15C9 ...C15 ...

is rich. Note also that randomness is base invariant but richness is not base invariant:
a real number o has a random binary representation if and only if all representations of
« to any base are random; see Calude, Jirgensen [5, 4]; for different proofs see Hertling,
Weihrauch [13], and Staiger [26]. But for any two bases b,c¢ > 2 such that " # ¢™ for all
n,m > 1, there are real numbers which have a rich representation to base b, but a nonrich
representation to base ¢; see Schmidt [25], compare also Hertling [12].

3 Full Shift Spaces as Randomness Spaces

In this section we give another characterization of algorithmically random elements of full
shift spaces. We further study randomness spaces and the construction of new randomness
spaces in terms of products and quotients of randomness spaces.

In the previous section we introduced randomness in yz by identifying £N and 2 via
a standard bijection between Z? and N and by using the randomness notion on ¥N. There
is another more direct way to define randomness on full shift spaces, without reference
to random one-way infinite sequences: one can formulate Martin-Lof’s [19] idea to define
randomness for one-way infinite sequences in N via so-called randomness tests in a much
more general setting. This has been carried out by Hertling and Weihrauch [13, 14]. One
can apply the definition of randomness spaces in [13, 14] especially to full shift spaces. We
repeat the definition of randomness spaces, randomness test and random elements from

Hertling, Weihrauch [13, 14].

Definition 3.1 (Hertling, Weihrauch [13, 14]) A randomness space is a triple (X, B, u),
where X is a topological space, B : N — 2% is a total numbering of a subbase of the

topology of X, and u is a measure defined on the o-algebra generated by the topology of
X (notation: B; = B(1)).



Recall that a subbase of a topology is a set 3 of open sets such that the sets (;;cp U, for
finite, nonempty sets £ C 3 form a basis of the topology. Random points of a randomness
space are defined via randomness tests. Before we define them we introduce the numbering
B' of a base derived from a numbering B of a subbase, and define computable sequences of
open sets. In the following definition we use the bijection D : N — {E | E C N is finite}
defined by D™Y(E) = ¥ ;.5 2%

Definition 3.2 (Hertling, Weihrauch [13, 14]) Let X be a topological space and (Up), be
a sequence of open subsets of X.

1. A sequence (V,), of open subsets of X is called U-computable if there is a c.e. set
A C N such that

Vn = U Ui,
iEN,
m(ng)EA

for all n € N.

2. The sequence (U},)n of open sets defined by

J€D1+i

for all ¢ € N, is called the sequence derived from U.

Note that if B is a numbering of a subbase of a topology, then B’ = (U/); is a numbering
of a base of the same topology. The next definition generalizes Martin-Lof’s [19] definition
of random sequences to points from arbitrary randomness spaces.

Definition 3.3 (Hertling, Weihrauch [13, 14]) Let (X, B, 1) be a randomness space.

1. A randomness test on X is a B'-computable sequence (U,,),, of open sets with u(U,) <
27" for all n € N.

2. An element x € X is called nonrandom if x € ,cn U, for some randomness test
(Up)n on X. It is called random if it is not nonrandom.

Examples 3.4 1. (Hertling, Weihrauch [14]) The simplest examples of randomness

spaces are spaces (3, B,pu) where ¥ = {sg,...,s;} is a finite, nonempty set, the
numbering B is given by B; = {s;} for i < k and B; = X for i > k, and the measure
w is given by u({s;}) = k%rl Notice that p is a probability measure. Every element

1

of ¥ is random because the measure of any nonempty open set is at least 7=5.

2. (Hertling, Weihrauch [13, 14]) The original randomness spaces are the spaces
(N, B, ji) of infinite sequences over a finite alphabet ¥ with at least two elements
(Martin-Lof [19]). The numbering B of a subbase (in fact a base) of the topology
is given by B; = v(i)ZN = {p € N | v(4) is a prefix of p}, where v : N — T* is
the length-lexicographical bijection between N and the set X* of finite words over
3. The measure i is the product measure of the measure in the first example, i.e.,
p(wEN) = |2~/ for w € B*.



3. Let ¥ = {sg,..., s} have k+1 > 2 elements and d > 1. In order to view the full shift
space ¥Z? as a randomness space (Ezd, B, i) we have to describe the measure i and
the numbering B of a subbase of the topology. The measure /i is the product measure
of the measure in the first example, i.e., given by fi({c € £%" | ¢, = s}) = 1/(k + 1)
for s € ¥ and z € Z4%. The numbering B is defined by

~ d
Bj+(k+1)-(z1,...,zd> = {C e ¥? | Clz1yeer2a) = Sj}

for 0 < j <k and (z1,...,2q) € Z% Here (---) is the bijection from Z? to N defined
above.

Example 3.4.2 gives us the usual randomness notion for one-way infinite sequences over
a finite alphabet. The numbering B used in Example 3.4.2 is already a numbering of a
base, and it is easy to see that a sequence (U;); of open subsets U; C =N is B'-computable
if and only if it is B—computable. Thus, a sequence (U;); of open sets is a randomness test
if and only if it is B-computable and satisfies u(U;) < 27 for all i. Example 3.4.3 gives us
a randomness notion for elements of full shift spaces. This is the same randomness notion
as the notion which one obtains by identifying the full shift space ¥2* with N via the
bijection (---) and the usual randomness notion on LNV,

Proposition 3.5 Let ¥ be a finite set with at least 2 elements and let d > 1 be a positive
integer. For a configuration c € SZ2 the following conditions are equivalent:

1. The infinite one-way sequence (---)(c) € XN is random (or, equivalently, a random
element of the randomness space (SN, (v(i)EN);, i) of Example 3.4.2.

2. The configuration c is a random element of the randomness space (Ezd,B,ﬁ) of Ex-
ample 3.4.3).

Before we prove this we give another characterization for computable sequences of open
. d . .
sets in ©Z°. For an arbitrary finite set A C Z% and v € ©4 we set

v] ={cexZ |c,=v, forall z€ A}.

The set .
Cubes(%,d) = U nl=r]
r>0

is countable and we can fix a bijection Cube : N — Cubes(X, d). The sets [v] for elements
v € Cubes(X) form a base of the topology on S22 The following lemma, is useful when one
considers randomness tests on $2°.

Lemma 3.6 For a sequence (U;); of open subsets of 227 the following conditions are equiv-
alent:

1. It is B'-computable.

2. It 1s Cube—-computable.



3. The sequence ({-- ->_1(Ui))i of open subsets of N is (v(§)EN)j—computable.

Proof of Proposition 3.5. The assertion follows from Lemma 3.6 and from the fact that the
. d . .
homeomorphism (---) : BN — $Z° is measure preserving. |

Definition 3.7 Let d > 1 and X be a finite set with at least two elements. If a configuration
c € ©27 satisfies one and then all conditions in Proposition 3.5, then we call it random.

First we observe:

Lemma 3.8 Every random configuration is rich.

Proof. Fix an arbitrary cube pattern. By a simple counting argument one can easily prove
in an effective way that the set of all configuration which do not contain this pattern has
measure zero. Therefore all such configurations are nonrandom. Since this is true for all
cube patterns, it follows that all random configurations are rich. O

Remark 3.9 In fact, much more is true. One can define in a natural way normal config-
urations, in which all patterns occur with the expected frequency. In the same way as one
proves that every random real number has a normal binary expansion, one can also prove
that every random configuration is normal. It is clear that every normal configuration is
rich.

It is well-known that on N there exists a universal randomness test, i.e., a randomness
test (U;); such that for every other randomness test (V;); on =N there exists a nonnegative
integer ¢ such that V4. C U, for all n. From the fact that YN and %2 are essentially
the same randomness spaces (as expressed by Lemma 3.6 and Proposition 3.5) we conclude
that also on Z° there exists a universal randomness test. In fact, if (U;); is a universal
randomness test on XN, then ({---)(U;)); is a universal randomness test on nZ,

In the case of dimension d = 1 the first of the conditions in Proposition 3.5 says that
a two-way infinite sequence ¢ = ...c_gc_sc_1cpc1C2C3 ... € ¥Z is random if and only if the
one-way infinite sequence cpc_1c1c_2coc_3C3 ... € YN is random. It is instructive to notice
that this is also equivalent to the following condition:

3. the pair ((co,c1,C2,-..),(c=1,Cc—2,C_3,...)) of infinite one-way sequences is random,
i.e., it is a random element of the product randomness space ((XN)2, B2, u?)

(compare Hertling, Weihrauch [13, 14]). This last condition is often expressed by saying
that the two sequences (cg, ¢1,co,...) and (c_1,c_2,c_3,...) are “independently random”.

We would like to add one “caveat” with respect to randomness tests and two-way infinite
sequences: one must distinguish between randomness tests for two-way infinite sequences
and for one-way infinite sequences. Let (U;); be a universal randomness test on the space
(2N, B, i) of one-way infinite sequences, and let A C N be a computably enumerable set
such that Up = Ur(n,ijca v(i)EN for all n (where v : N — ¥* is the standard bijection
between natural numbers and finite words over ¥ used in Example 3.4.2). Let A, = {v(7) |



n(n,i) € A}, for all n. We assume without loss of generality that all sets A, are suffix-
closed, i.e., if a prefix of a word w is contained in A, then also w itself is in A,. Then a
two-way infinite sequence ¢ = ...c_3c_sc_1cpcicacs ... € %% is nonrandom if and only if
for each n € N there is an m € N with cgc_1c1c_9¢a ... c_pmem € A,. But notice that we
cannot replace cpc_1¢1¢—2¢2 ... C—mCm by C_py ... C_1CpC1 - . . Cpy in this condition:

Proposition 3.10 Every random two-way infinite sequence ¢ = ...c_sc_q1cpcicsy ... € L2
has the property that for every n € N there is an m € N with ¢c_p, ...c_1¢0C1 -..Cm € Ap.

Proof. Let us fix a number n and an arbitrary word w = wy ... w; € A,. For every random

Sequence ¢ = ...c_sC_1CpCiCs . .. € L% there exists an m > [ such that ¢_y, . .. Comti-1 =W,
hence such that the word w is a prefix of ¢_,,...c_1cpc1 ... cm. Because A, is assumed to
be suffix—closed we conclude that ¢_,,...c_1cpc1...cm € Ap. O

We end this section with a remark on randomness on the space obtained by dividing the
full shift space £Z° by the equivalence relation induced by shift mappings. First we observe
that the shift mappings preserve randomness.

Proposition 3.11 Let d > 1, ¥ a finite set with at least two elements, and a € Z% an
integer vector. If c € nZ? i random, then also o4(c) is random.

Proof. If (U;); is a randomness test on %2’ then also ((64)~1(U;)); is a randomness test
on %Z* for arbitrary a € Z9. Since (04)"! = 0, this proves the assertion. O

Let us call two configurations M ) ¢ »nz? equivalent (written: V) =qpine 0(2)) if one
of them can be obtained by shifting the other one appropriately, i.e., if there exists an integer
vector a € Z¢ with ¢(?) = at(ld)(c(l)). This defines an equivalence relation on the space Z]Zd,
and often instead of the space %2 one considers the quotient space »z? / =snify obtained by
identifying equivalent configurations. Proposition 3.11 tells us that the randomness notion
on 2 induces a natural randomness notion on this quotient space. Is it also possible to
obtain this randomness notion directly by applying the definition of a randomness space
to the quotient space? It is interesting that this is not the case, at least not by using the
quotient topology on the quotient space. We give the reason for the one-dimensional case.
A base of the quotient topology on X%/ =gpis is given by the sets

{le]lzqun | € € »2" and c contains the word w},

for arbitrary w € X*. But any of these basic open sets contains the =gpis—equivalence
classes of all rich sequences! Hence, any open set in the quotient space contains the =gp;ig—
equivalence classes of all rich sequences. Especially, for any sequence (U;); of open subsets
U; of the quotient space, the =gpi;r—equivalence classes of all rich sequences lie in the in-
tersection ();cn U;. Therefore, any randomness test on the quotient space would show that
these classes are nonrandom. Hence, the direct approach via randomness test cannot give
the seemingly most natural randomness notion on the quotient space »z? / =shift-



4 Cellular Automata and Random Configurations

In this section we investigate what happens when a cellular automaton is started on a
random or on a nonrandom configuration. We observe the following three facts: 1. every
nonsurjective cellular automaton destroys randomness, 2. every surjective cellular automa-
ton preserves randomness, 3. every one dimensional cellular automaton preserves nonran-
domness. The above statements remain true if we replace randomness by richness, the last
assertion even for an arbitrary dimension.

First we give a precise definition of cellular automata. Cellular automata are continuous
functions which operate on a full shift space 2% and commute with the shift mappings og,
for a € Z<.

Definition 4.1 A cellular automaton (short: CA) is a triple (X, d, F') consisting of a finite
set ¥ containing at least two elements, called the set of states, a positive integer d, called
the dimension, and a continuous function F' : 2% 5 %2’ which commutes with the shift
mappings. The function F is called the global map of the CA.

This definition does not reflect the usual characterization via a so-called local function.
Since the space 2% is a compact metric space any continuous function F' : PICANNI 3L AR
uniformly continuous. Hence, if F' is continuous and commutes with the shift mappings,
then there exist a finite set A C Z? and a function f : 4 — ¥ such that F(c), = f(cpra),
for all ¢ € 2" and b € Z9, where cpya € 4 is defined in the obvious way: (cpya)a = Chia
for all @ € A. The function f is called a local function for F' and we say that F' is induced by
f. Obviously, one could choose A to be the d-dimensional cube [—r, r]¢ for some sufficiently
large r. On the other hand it is clear that any function F' induced by a local function
f is the global map of a cellular automaton. Whenever we consider a local function for
some cellular automaton we will assume that there is a natural number r such that f maps
2[=rr1? to . The number r will be called the radius of f.

Let f : $l-rr1? 5 S be a local function with radius 7. It induces a function f* mapping
any v € ZIFK? for arbitrary k > 2r + 1 to an element f*(v) € wl=k+rk=rl® in the obvious
way. This function induces a mapping fP3**™ which maps any cube pattern (introduced in
Section 2) of side length & for any k£ > 2r + 1 to a cube pattern of side length k — 2r in the
obvious way.

Our first observation is that a cellular automaton preserves randomness if and only if it
is surjective. This is interesting as in the past, starting with Moore’s [22] Garden of Eden
Theorem, the characterization of surjective cellular automata and the distinction between
surjective and injective (which are automatically surjective) cellular automata has received
great attention, see e.g. Myhill [23], Richardson [24], Maruoka and Kimura [20, 21], and
others. Thus, a new characterization of the class of surjective cellular automata is obtained
in terms of randomness. Richness can be equally used for this purpose. Thus, surprisingly, in
this situation randomness and richness can be used for the same purpose. In the following
theorem we summarize a list of characterizations of surjective cellular automata. The
equivalence of the first five of them are classical results or straightforward strengthenings
of classical results. We shall give the proofs nevertheless for completeness sake.

A cellular automaton (X,d, F) is called finitely injective if and only if for all config-

urations ¢, 2 ¢ ¥2" with ) # ¢® and ct(ll) = 0512) for almost all a € Z? we have
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F(cW) # F(c?). We call a function F : 22! 5 %2 measure preserving if and only if
f(F~L(U)) = i(U) for all open U C %2

Theorem 4.2 Let (X,d, F) be a cellular automaton, and f : =l 5 S be a local function
inducing F'. The following conditions are equivalent.

1. F s surjective.
For every finite pattern w there ezxists a configuration ¢ such that w occurs in F(c).

F s finitely injective.

For every n > 2r + 1 and every cube pattern w of side length n we have

|(fpattern)—1{w}| _ |E|(n+2r)d_nd ‘ (1)

5. F is measure preserving.
6. For all configurations c, if c is rich, then also F(c) is a rich configuration.

7. For all configurations c, if ¢ is random, then also F(c) is a random configuration.

Proof. “1.=-2.": trivial.
“3. = 1.”: Let ¢ € £2 be an arbitrary configuration. By 2., for each n there exists a
configuration ¢(™ such that F(c(”))|[ j¢ = ¢|[_pnje- The sequence (c™),, has an accumu-

lation point ¢ in the compact space nz?, By continuity of F' we conclude that F(¢) = c.
“4. = 2.”: It is sufficient to deduce from 4. that for every cube pattern w there exists
a configuration ¢ such that w occurs in F'(¢). For a cube pattern w this is the case if and
only if |(fP¥e™)~1Ly|}| > 1. Therefore, 2. follows immediately from 4.
“2. = 3.: This implication is a straightforward strengthening of Moore’s [22] Garden
of Eden Theorem. We follow Moore’s proof. We assume that 3. is not true and derive that

—n,n

then also 2. is not true. Let c(l), ? € 12% pe two different configurations with cgl) = cﬁf)
for almost all a € Z?, and with F(c(Y) = F(c®). Let | = max{|a| | a € Z? & M # cgz)}
and k = 4r + 2I + 1, where |a| = max{|ay,...,|aq|} for a = (a1,...,aq) € Z°.

We introduce an equivalence relation between cube patterns of side length k£ by calling

two cube patterns v and w of side length k interchangeable if they are equal or if each of
(1)
[—2r—1,2r+1]

CEE)%_Z 2 1]d" Obviously, if v and w are interchangeable, then fP3%e™ () and fPattern () are
equivaient. For a moment let us fix a positive integer . We can extend this relation to cube
patterns of side length ik in the following way. Each cube pattern of side length ik can
be viewed as consisting out of i¢ nonoverlapping cube patterns of side length k. Two cube
patterns v and w of side length ¢k are called interchangeable if and only if each of these
i% cube sub-patterns of v of side length k is interchangeable with the cube sub-pattern
of w of side length k at the corresponding position. Since the outer 2r layers of any two

interchangeable cube patterns of side length k are identical (this is especially true for the
(1) 2)
[=2r—1,2r+1] —2r—1,2r+1[

them is equal to the pattern represented by ¢ 4 or to the pattern represented by

the two cube patterns represented by c . and by cE ]d), we conclude that

11



frattern () — fPattern(4)) for any two interchangeable cube patterns of side length ik. With
respect to the equivalence relation called “interchangeable” the set of all cube patterns of

side length ik splits into exactly (|E|kd —1)* equivalence classes. Hence, the set fPatter (cybe

patterns of side length ik) contains at most (|E|kd — 1) cube patterns. They have side

length ik — 2r, of course. But there are altogether |X|(#k—2r)

tk — 2r. We claim that for sufficiently large ¢

cube patterns of side length

(=% - 1)" < |z |@k=20* (2)

Before we prove this claim, we finish the argument. According to the claim, for sufficiently
large i there exists a cube pattern of side length ik — 2r which is not in the set fP3*e™(cube
patterns of side length k). This cube pattern cannot occur in F(c), for any configuration
c.

In order to prove the claim we choose i so large that

kd

2r
k—(k— =) <1 —.

Raising |X| to these powers and rearranging gives

d
)

(1B = 1) < [gFHE= mk = 3] k=)

and raising both sides to the power i¢ finally gives (2).

“3. = 4.”: This implication is a straightforward strengthening of a result by Maruoka
and Kimura [20]. We follow their proof. We assume that 4. is not true and derive that then
also 3. is not true. If there exists a cube pattern w of side length n such that equation (1)
is not true then there must be a pattern v of side length n such that

atterny) — n T dfnd
|(FPettem) " w}| > [z T (3)

We set M = |(fPa*e™)~1fy) and k = n + 2r. Let us fix a state s € X and let 7 =
(r,7,...,r) € Z¢ be the integer vector with constant value r. For a moment we fix a
positive integer ¢. We consider the set S of all configurations ¢ € 22" such that each of
the i? cube patterns represented by Crtkat{l,...k}d for some a € {0,...,i—1}% is one of the
patterns in (fP2te™)~1{y} and such that ¢, = s for alla € Z4\ {r +1,...,7 +ik}9. There
are exactly M such configurations, i.e., |S| = M. The images F(c(!)) and F(c®) of any
two configurations ¢(t) € S and ¢(?) € § are identical outside the cube {1,...,2r+ik}? ie.,
F(cW), = F(c?), for all a € Z%\ {1,...,2r + ik}%. Furthermore the i¢ cube subpatterns
F(c(l))ﬁJrkaJr{l’mn}d for a € {0,...,i — 1}¢ are all equal to v. Hence, the set F(S) contains

at most |E|(2’"+ik)d_id"d configurations. We claim that for sufficiently large ¢

)dfidnd

Mz'd > |2|(2r+ik ) (4)

Before we prove this claim, we finish the argument. According to the claim, for sufficiently
large i there exist two different configurations ¢(!) and ¢ with cgl) =s = 0512) for all
a € Z\{1,...,2r +ik}? and with F(c()) = F(c(?)). This shows that F is not finitely

injective.
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In order to prove the claim we choose i so large that

2r.a .4 M

(remember M > |E|kd_"d). Raising |X| to these powers and rearranging gives
Dol 1[G A T[S A e V)

and raising both sides to the power i? finally gives (4).
“4, <= 5.7: For a vector a € Z% a positive number n, and a cube pattern w of side
length n, the set

Cow ={ce »2! | Cat{1,..,n}a is a representative for w}
has measure 1/ |Z]|"d, and its pre-image
FYChw)={ce »Z! | f*(c_74a+{1,..,n+rpa) is a representative for w}

has measure |(fP3tern)=1(y)|/|S|("+2r)* " Therefore, if F is measure preserving, also 4. is
true. On the other hand, if 4. is true then each set C,, has the same measure as its pre-
image F*I(C’a,w). Since every open set can be written as the disjoint union of sets Cy ., we
conclude that 4. implies 5.

“2. <= 6.”: trivial.

“7.= 2.”: by Lemma 3.8.

“5. = 7.”: Assume that c is a configuration such that F'(c) is nonrandom. Then there
is a randomness test (U;); such that F(c) € N;cn Us. The sequence of open sets (F~1(U;));
is also a randomness test: we have i(F~1(U;)) = i(U;) < 27% by condition 5.; and the
facts that F' is induced by a local function f and that the sequence (U;); of open sets is
B'-computable, imply that also the sequence (F~'(U;)); of open sets is B'-computable.
We have ¢ € N;en F 1 (U;). Hence, also c is nonrandom. O

From Condition 2. in Theorem 4.2 we conclude that if F' is not surjective, then there
does not exist a configuration ¢ such that F(c) is rich or random. Hence, a nonsurjective
cellular automaton “destroys” both richness and randomness.

Secondly we ask what happens when one applies a cellular automaton to a nonrandom
configuration or to a nonrich configuration. Note that there are very simple effective func-
tions on the space of one-way infinite sequences which transform some nonrandom sequences
into random ones.

Example 4.3 The function F : 2 — %2 with
F(...c_4c_3c_9c_1C0C1C2C3C ...) = ...C_4C_2CC2CY - . .

is computable and measure preserving. If all odd entries cy; ;1 are equal to one fixed element
s € X, then the sequence ...c_gc_3c_2c_1cpcicacsey ... is certainly nonrandom. But its
image under F', the sequence ...c_4c_2cgcacy ... can still be random.
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It is not clear a priori whether the same phenomenon can occur when one considers
cellular automata. We could prove that one dimensional cellular preserve nonrandomness,
i.e., they transform nonrandom two-way infinite sequences into nonrandom two-way infinite
sequences. But at present it is not clear whether the same holds true also for higher
dimensional cellular automata. That arbitrary cellular automata preserve nonrichness can
be proved by using the idea behind the proof of Moore’s [22] Garden of Eden Theorem,
which we have implicitly formulated in the previous Theorem 4.2.

Theorem 4.4 Let (X,d, F) be a cellular automaton.
1. If a configuration c € 2% s not rich, then also F(c) is not rich.
2. If d =1 and a configuration c € 2 s nonrandom, then also F(c) is nonrandom.

Proof. Let f: 2?5 % be a local function inducing F.

1. The first assertion is proved by using the idea behind the proof of Moore’s [22] Garden
of Eden Theorem. Let us fix a nonrich configuration ¢ and a cube pattern of side length,
say, k which does not occur in ¢. Hence, at most |Z|kd —1 cube patterns of side length k£ can
occur in ¢. Let us consider cube patterns of side length ik, for an arbitrary positive integer
i. Since cube pattern of side length ik can be viewed as consisting out of i nonoverlapping
cube patterns of side length k, we conclude that at most (|E|kd — l)id different cube patterns
of side length ik can occur in ¢. Let P;; denote the set of all cube patterns of side length ik
which occur in c. We have just proved |Pg| < (|S|F — 1), Hence, also the set fPattern(p;,)
contains at most (|E|kd — l)id different cube patterns. These cube patterns have side length
ik — 2r, of course. But there are altogether |E|(ik_2’")d cube patterns of side length ik — 2r.
By exactly the same counting argument as in the proof of the implication “2. = 3.” of
Theorem 4.2 we conclude that for sufficiently large ¢ there exists a cube pattern of side
length ik — 2r which is not in the set fP3%e™m (P, ). This cube pattern cannot occur in F(c).
Hence, F(c) is not rich.

2. For the second assertion we assume that the dimension d of the cellular automaton
is 1. We fix a nonrandom configuration ¢ and a randomness test (U;); on %2 such that
¢ € Njen Ui We show that there is a randomness test (V;); on %Z* such that F(c) € Nien Vi-
By Lemma 3.6 and by a compactness argument one deduces from the fact that the sequence
(U;); of open sets is B'-computable, that the set

{m(i,j) € N[ [Cube(5)] € Ui} (5)
is computably enumerable. We set [ = [log,(|%|?")], and define
Vi = J{[f*(v)] | v € Cubes(Z,1) & side length(v) >2r +1 & [v] C Uy}

We claim that the sequence (V;); is a randomness test with F'(c) € (;en Vi. It is clear that it
is a sequence of open sets and that it is B'~computable (use the fact that the set in equation
5 is computably enumerable and Lemma 3.6). For arbitrary ¢ we have ¢ € U;y;. Hence,
there is an element v € Cubes(%, 1) of side length > 2r+1 with ¢ € [v] and [v] C Uj4;. This
shows F(c) € V;. Finally we have to show that fi(V;) < 27¢, for all i. We fix an i. There
exists a set

W C {v € Cubes(X,d) | side length(v) >2r+1 & [v] C Upyi}
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such that U,cw/[v] = Uiy; and for any two v,w € W, the sets [v] and [w] are disjoint. If
v,w € Cubes(3,d) and [v] C [w], then also [f*(v)] C [f*(w)]. Hence, V; = Uyew[f*(v)].
Since for arbitrary v € Cubes(X,1) with sidelength(v) > 2r + 1 we have a([f*(v)]) =
|22 - fi([v]), we obtain

pvi) = p ( U [f*(v)]>

veW
< > Alf )
veW
= > 1= A)
veWw
= ISP U)
< |2|2r‘2—l—i
< 2%,

This ends the proof for the assertion that (V;); is a randomness test with F(c) € N;en Vi-
Hence, F(c) is nonrandom. O

5 Conclusion

We have given various characterizations, based on randomness tests, for algorithmically
random configurations in full shift spaces. We have also compared this randomness notion
with the richness notion for configurations. Furthermore we have shown that a) surjective
cellular automata preserve richness and randomness, b) nonsurjective cellular automata
destroy both properties, c) all cellular automata preserve nonrichness, and d) one dimen-
sional cellular automata also preserve nonrandomness. It is open whether arbitrary cellular
automata of higher dimension preserve nonrandomness.

There are at least two areas of further questions in this context. In this paper we have
defined and analyzed only randomness and nonrandomness of configurations as opposing
notions, and we have used randomness tests in order to define these notions. They can
also be defined via program-size complexity of finite patterns, see Chaitin [8]. It might
be interesting to analyze the behavior of cellular automata with respect to complexity
of finite patterns in this sense. The other area concerns ergodic theory and algorithmic
information theory. The randomness notion of algorithmic information theory depends on
the considered measure. In this paper we have considered only the product measure induced
by the uniform measure on the finite set of states. We have seen that surjective cellular
automata are measure preserving with respect to this measure, hence they are dynamical
systems in the sense of ergodic theory and can be analyzed by the means of this theory. For
nonsurjective automata one has to consider other measures in order to apply results from
ergodic theory. For an application of ergodic theory to cellular automata see Lind [18]. It
might be interesting to try to combine algorithmic information theory and ergodic theory
in the study of cellular automata and also in the study of other dynamical systems; see, for
example, White [29], Batterman and White [1].
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