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Devwudfw

Wkh frqfhsw ri svhxgrudqgrpqhvv sod|v dq lpsruwdqw uroh lq fu|swrjud0
sk|1 Lq wklv qrwh zh frqwudvw wkh qrwlrqv ri frpsoh{lw|0wkhruhwlf svhxgrudq0
grp vwulqjv +iurp dojrulwkplf lqirupdwlrq wkhru|, dqg svhxgrudqgrp vwulqjv
+iurp fu|swrjudsk|,1 Iru h{dpsoh/ zh vkrz wkdw zh fdq hdvlo| glvwlqjxlvk
d frpsoh{lw|0wkhruhwlf svhxgrudqgrp hqvhpeoh iurp wkh xqlirup hqvhpeoh1
Erwk qrwlrqv ri svhxgrudqgrp vwulqjv duh xqlirupo| xqsuhglfwdeoh> lq frqwudvw
zlwk svhxgrudqgrp vwulqjv/ frpsoh{lw|0wkhruhwlf svhxgrudqgrp vwulqjv duh qrw
sro|qrpldo0wlph xqsuhglfwdeoh1

� W?|hL_�U|�L?

Wkhuh duh wzr srvvleoh dssurdfkhv wr gh�qh wkh frqfhsw ri udqgrpqhvv1 Wkh _rqwr0
orjlfdo% dssurdfk orrnv dw wkh _vlpsohvw ghvfulswlrq% ri d vwulqj dqg ghfoduhv udqgrp
d vwulqj zklfk kdv urxjko| wkh vdph ohqjwk dv lwv vlpsohvw ghvfulswlrq1 Dojrulwk0
plf lqirupdwlrq wkhru|�lqlwldwhg e| Vrorprqr� ^44`/ Nroprjrury ^<`/ dqg Fkdlwlq
^8`�gh�qhv wkh vlpsohvw ghvfulswlrq ri d vwulqj { e| wkh plqlpdo lqsxw qhfhvvdu|
wr d xqlyhuvdo dojrulwkp wr surgxfh {1 Ghshqglqj xsrq wkh fkrlfh ri wkh xqlyhuvdo
dojrulwkp/ wzr wkhrulhv kdyh hphujhg= Nroprjrury0Fkdlwlq wkhru| lq zklfk rqh xvhv
d xqlyhuvdo Wxulqj pdfklqh dqg Fkdlwlq wkhru| uho|lqj rq d vhoi0gholplwlqj xqlyhuvdo
Wxulqj pdfklqh +vhh ^7`/^9`,1 Rqo| wkh vhfrqg wkhru| lv frpsdwleoh zlwk d wkhru| ri
udqgrp lq�qlwh vhtxhqfhv1 Wkh �uvw wkhru| kdv ehhq uhodwlyl}hg +lq wlph ru vsdfh,> lw
ohg wr vrph frpsoh{lw|0wkhruhwlf gh�qlwlrqv ri svhxgrudqgrp vwulqjv1 Wkhvh qrwlrqv
kdyh ehhq yhu| xvhixo lq pdq| sodfhv +vhh ^;` iru d uhfhqw vxuyh|,/ exw dv Jroguhlfk
^:` revhuyhg/ qrw lq ghvljqlqj svhxgrudqgrp jhqhudwruv1

Fu|swrjudsk| vxjjhvwv dq dowhuqdwlyh _ehkdylrxulvwlf% dssurdfk wr svhxgrudq0
grpqhvv1 Lqvwhdg ri frqvlghulqj wkh _h{sodqdwlrq% ri d skhqrphqrq/ lw wdnhv lqwr
dffrxqw wkh skhqrphqrq*v h�hfw rq wkh hqylurqphqw1 D vwulqj lv vdlg wr eh svhxgr0
udqgrp li qr h�flhqw revhuyhu fdq glvwlqjxlvk lw iurp d xqlirupo| fkrvhq vwulqj ri
wkh vdph ohqjwk1 Wkh xqghuo|lqj srvwxodwh lv wkdw remhfwv wkdw fdqqrw eh wrog dsduw
e| h�flhqw surfhgxuhv duh frqvlghuhg htxlydohqw1 Wklv dssurdfk qdwxudoo| ohdgv wr
wkh frqfhsw ri svhxgrudqgrp jhqhudwru/ zklfk lv ixqgdphqwdo iru fu|swrjudsk|1

Rxu dlp lv wr frqwudvw wkhvh wzr gh�qlwlrqv ri svhxgrudqgrp vwulqjv1 Iru h{dp0
soh/ zh vkrz wkdw zh fdq hdvlo| glvwlqjxlvk d frpsoh{lw|0wkhruhwlf svhxgrudqgrp
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hqvhpeoh iurp wkh xqlirup hqvhpeoh1 Erwk qrwlrqv ri svhxgrudqgrp vwulqjv duh xql0
irupo| xqsuhglfwdeoh> lq frqwudvw zlwk svhxgrudqgrp vwulqjv/ frpsoh{lw|0wkhruhwlf
svhxgrudqgrp vwulqjv duh qrw sro|qrpldo0wlph xqsuhglfwdeoh1

Zh forvh wklv vhfwlrq e| lqwurgxflqj vrph qrwdwlrq zh zloo xvh1 Wkh vhw ri qrq0
qhjdwlyh lqwhjhuv lv ghqrwhg e| Q 1 E| i3> 4jW zh ghqrwh wkh vhw ri +�qlwh, elqdu|
vwulqjv> i3> 4j? lv wkh vhw ri elqdu| vwulqjv ri ohqjwk q1 Wkh ohqjwk ri d vwulqj {
lv ghqrwhg e| m{m1 Iru d vwulqj { 5 i3> 4jW dqg dq lqwhjhu qxpehu q � 4/ {^4==q`
ghqrwhv wkh lqlwldo vhjphqw ri ohqjwk q ri { +{^4==q` @ { li m{m � q, dqg {^l` ghqrwhv
wkh l0wk elw ri {/ l1h1/ {^4==q` @ {^4` = = = {^q`1

2 �L4T�|@|�L?@* �?_�t|�?}��t�@M�*�|)

Frpsxwdwlrqdo lqglvwlqjxlvkdelolw| lv d ixqgdphqwdo frqfhsw lq fu|swrjudsk|1 Wkh
iroorzlqj sdudjudsk lv txrwhg iurp sdjh ;: ri ^:`=

Wkh frqfhsw ri h�flhqw frpsxwdwlrq ohdgv qdwxudoo| wr d qhz nlqg ri
htxlydohqfh ehwzhhq remhfwv1 Remhfwv duh frqvlghuhg wr eh frpsxwdwlrq0
doo| htxlydohqw li wkh| fdq qrw eh wrog dsduw e| dq| h�flhqw surfhgxuh1
Frqvlghulqj lqglvwlqjxlvkdeoh remhfwv dv htxlydohqw lv rqh ri wkh edvlf
sdudgljpv ri erwk vflhqfh dqg uhdo0olih vlwxdwlrqv1 Khqfh/ zh eholhyh
wkdw wkh qrwlrq ri frpsxwdwlrqdo lqglvwlqjxlvkdelolw| lv ixqgdphqwdo1

Wzr glvwulexwlrqv duh fdoohg frpsxwdwlrqdoo| lqglvwlqjxlvkdeoh li qr h�flhqw do0
jrulwkp fdq whoo wkhp dsduw1 Jlyhq dq h�flhqw dojrulwkp G/ zh frqvlghu wkh sure0
delolw| wkdw G dffhswv +h1j1/ rxwsxwv 4 rq lqsxw, d vwulqj wdnhq iurp wkh �uvw glv0
wulexwlrq1 Olnhzlvh/ zh frqvlghu wkh suredelolw| wkdw G dffhswv d vwulqj wdnhq iurp
wkh vhfrqg glvwulexwlrq1 Li wkhvh wzr suredelolwlhv duh forvh/ zh vd| wkdw G grhv qrw
glvwlqjxlvk wkh wzr glvwulexwlrqv1

W|slfdoo|/ dq hqvhpeoh ri wkh irup [ @ i[?j?M� kdv hdfk [? udqjlqj ryhu
vwulqjv ri ohqjwk q1 Zh zloo xvh X @ iX?j?M� wr ghqrwh wkh xqlirup hqvhpeoh/ wkdw
lv/ X? ghqrwhv d udqgrp yduldeoh xqlirupo| glvwulexwhg ryhu i3> 4j?1

Gh�qlwlrq 514 +^:`, Wzr hqvhpeohv/ [ @ i[?j?M� dqg \ @ i\?j?M� / duh lqglv0
wlqjxlvkdeoh lq sro|qrpldo0wlph li iru hyhu| suredelolvwlf sro|qrpldo0wlph dojrulwkp
G/ hyhu| sro|qrpldo s+�,/ dqg doo vx�flhqwo| odujh q vxfk wkdw wkh iroorzlqj wzr
frqglwlrqv duh vdwlv�hg[

%Mtfc��?

Sure+[? @ {, 9@ 3 dqg
[

%Mtfc��?

Sure+\? @ {, 9@ 3>

wkh iroorzlqj lqhtxdolw| krogv=

mSure+G+[?, @ 4,� Sure+G+\?, @ 4,m ? 4

s+q,
=

Wkh suredelolwlhv lq wkh deryh gh�qlwlrq duh wdnhq ryhu wkh fruuhvsrqglqj udqgrp
yduldeohv [� +ru \�, dqg wkh lqwhuqdo frlq wrvvhv ri wkh dojrulwkp G1

Gh�qlwlrq 515 +^:`, Ohw X @ iX?j?M� eh wkh xqlirupo| glvwulexwhg hqvhpeoh/ dqg
[ @ i[?j?M� eh dq hqvhpeoh1 Wkh hqvhpeoh [ lv fdoohg svhxgrudqgrp li [ dqg
X duh lqglvwlqjxlvkdeoh lq sro|qrpldo0wlph1
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Gh�qlwlrq 516 +^:`, D svhxgrudqgrp jhqhudwru lv d ghwhuplqlvwlf sro|qrpldo0wlph
dojrulwkp J iurp vwulqjv wr vwulqjv vdwlvi|lqj wkh iroorzlqj wzr frqglwlrqv=

41 Wkhuh h{lvwv d ixqfwlrq o = Q $ Q vxfk wkdw o+q, A q iru doo q 5 Q / dqg
mJ+{,m @ o+m{m,> iru doo { 5 i3> 4jW1

51 Wkh hqvhpeoh iJ+X?,j?M� lv svhxgrudqgrp1

� �L UL4T*i �|)�|�iLhi|�U Tti�_Lh@?_L4 i?ti4M*i �t
Tti�_Lh@?_L4

Ohw UDQGS @ ^?M�UDQGSc? dqg UDQG|
S @ ^?M�UDQG|

Sc? eh wkh vhwv ri Nro0
prjrury f0udqgrp dqg Nroprjrury w0wlph erxqghg f0udqgrp vwulqjv uhvshfwlyho|/
zkhuh f � 4 dqg w = Q $ Q lv vrph wlph0frqvwuxfwleoh ixqfwlrq vxfk wkdw
w+q, � q2 iru doo q 5 Q 1 Wkdw lv/ iru d xqlyhuvdo Wxulqj pdfklqh P / ohw
UDQGSc? @ i{ 5 i3> 4j? = li P+|, @ { wkhq m|m � m{m � fj dqg UDQG|

Sc? @ i{ 5
i3> 4j? = li P+|, @ { dqg P+|, kdowv lq ohvv wkdq w+m{m, vwhsv wkhq m|m � m{m � fj1
Wkh vwulqjv lq UDQGS +uhvshfwlyho| UDQG|

S, duh fdoohg f0udqgrp +uhvshfwlyho| f0
svhxgrudqgrp,1 Ohw US @ iUSc?j?M� dqg U|

S @ iU|
Sc?j?M� eh wzr hqvhpeohv vxfk

wkdw USc? dqg U|
Sc? duh xqlirupo| glvwulexwhg ryhu UDQGSc? dqg UDQG|

Sc? uhvshf0
wlyho|1 Rxu �uvw uhvxowv vkrz wkdw wkhvh wzr hqvhpeohv duh qrw svhxgrudqgrp1

Wkhruhp 614 Wkh hqvhpeoh U|
S @ iU|

Sc?j?M� lv qrw svhxgrudqgrp1

Surri1 Gh�qh d sro|qrpldo0wlph dojrulwkp G e| ohwwlqj

G+{, @

+
3> li { @ 3�*L} �%�0| iru vrph | 5 i3> 4jW>
4> rwkhuzlvh=

Lw lv vwudljkwiruzdug wr vkrz wkdw UDQG|
Sc? _ i{ 5 i3> 4jW = { @

3�*L} �%�0|> iru vrph | 5 i3> 4jWj @ > iru vx�flhqwo| odujh q1 Khqfh Sure+G+U|
Sc?, @

4, @ 4 dqg Sure+G+X?, @ 4, @ 4� 5�*L}?03?> iru vx�flhqwo| odujh q1 Wkdw lv/

���Sure+G+U|
Sc?, @ 4,� Sure+G+X?, @ 4,

��� @ 5�*L}?03? � 4

q
=

Wklv vkrzv wkdw wkh hqvhpeohv iU|
Sc?j?M� dqg iX?j?M� duh glvwlqjxlvkdeoh lq

sro|qrpldo0wlph/ khqfh U|
S @ iU|

Sc?j?M� lv qrw svhxgrudqgrp1

Wkhruhp 615 Wkh hqvhpeoh US @ iUSc?j?M� lv qrw svhxgrudqgrp1

Surri1 Wkh surri lv vlplodu wr wkh surri ri Wkhruhp 6141

e N?Thi_�U|@M�*�|)

Lq wklv vhfwlrq zh zloo vkrz wkdw f0udqgrp vwulqjv/ f0svhxgrudqgrp vwulqjv/ dqg
svhxgrudqgrp vwulqjv duh xqlirupo| xqsuhglfwdeoh1 Lq frqwudvw zlwk svhxgrudqgrp
vwulqjv/ frpsoh{lw|0wkhruhwlf svhxgrudqgrp vwulqjv duh qrw sro|qrpldo0wlph xqsuh0
glfwdeoh1
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Rqh ri wkh ixqgdphqwdo surshuwlhv ri udqgrp vwulqjv lv wkh xqsuhglfwdelolw| ri wkh
l0wk elw iurp wkh �uvw l � 4 elwv ri wkh vhtxhqfh +vhh ^4` ru ^45/ 46`,1 D zhdnhu
surshuw|/ kdv ehhq glvfxvvhg lq ^7`= vwulqjv lq UDQGS duh qrupdo1

Gh�qlwlrq 714 Ohw s+�, eh d jlyhq sro|qrpldo1 Dq hqvhpeoh [ @ i[?j?M� lv
fdoohg xqlirupo| xqsuhglfwdeoh lq sro|qrpldo0wlph li iru hyhu| sro|qrpldo0wlph dojr0
ulwkp G = i3> 4jW $ i3> 4j/ wkhuh lv d frqvwdqw qf vxfk wkdw iru doo q � qf/ d vwulqj
{ 5 [? vdwlv�hv wkh iroorzlqj frqglwlrq +4, zlwk d suredelolw| ri dw ohdvw 4� �

RE?� =

nil ? q = G+{^4==l� 4`, @ {^l`jn
q

� 4

5
.

v
orjq orj orjq

q
= +4,

Qrwh wkdw/ gxh wr wkh odz ri wkh lwhudwhg orjdulwkp/ lq +4, wkh whup
t

*L}? *L} *L}?
?

fdqqrw eh vwuhqjwkhqhg wr �
RE?� / iru vrph sro|qrpldo s+�,1 Lq ^45/ 46` lw lv vkrzq

wkdw wkh odz ri wkh lwhudwhg orjdulwkp krogv iru lq�qlwh svhxgrudqgrp vhtxhqfhv1
Qrz zh vkrz wkdw erwk w|sh svhxgrudqgrp hqvhpeohv duh xqlirupo| xqsuh0

glfwdeoh lq sro|qrpldo0wlph1 Zh qhhg iru wkh surri Fkhuqr�*v Erxqg1

Fkhuqr�*v Erxqg1 Ohw [�>[2> = = = >[? eh lqghshqghqw 304 udqgrp yduldeohv vr
wkdw Sure+[� @ 4, @ �

2 / iru hdfk l1 Wkhq/ iru doo 3 ? � ? �
e / wkh iroorzlqj frqglwlrq

krogv=

Sure

�����
S?

�'�[�

q
� 4

5

���� � �

�
? 5 � h32?B2 = +5,

Ohppd 715 Ohw X @ iX?j?M� eh wkh xqlirup hqvhpeoh/ G = i3> 4jW $ i3> 4j eh
d sro|qrpldo0wlph dojrulwkp/ dqg iD?j?M� eh d vhtxhqfh ri vhwv ri vwulqjv gh�qhg
dv iroorzv=

D? @ i{ 5 i3> 4j? = +4, grhv qrw krog iru {j = +6,

Wkhq D @ ^"?'�D? lv d sro|qrpldo0wlph frpsxwdeoh vhw dqg

nD?n � 5?n�32 *L} e *L}? *L} *L}?>

iru vx�flhqwo| odujh q1

Surri1 Lw lv vwudljkwiruzdug wr fkhfn wkdw D lv sro|qrpldo0wlph frpsxwdeoh1 E|
Fkhuqr�*v Erxqg +5, zh ghulyh wkh iroorzlqj erxqg iru wkh fduglqdolw| ri D=

nD?n � 5? � h3 2? *L}? *L} *L}?

?

@ 5? � h32 *L}? *L} *L}?

@ 5?n�32 *L} e *L}? *L} *L}?=

Wkhruhp 716 Wkh hqvhpeoh U|
S @ iU|

Sc?j?M� lv xqlirupo| xqsuhglfwdeoh lq
sro|qrpldo0wlph/ zkhuh w+q, � 52? lv vrph wlph0frqvwuxfwleoh ixqfwlrq1

7



Surri1 Ohw G = i3> 4jW $ i3> 4j eh d sro|qrpldo0wlph dojrulwkp/ dqg iD?j?M�
dv lq Ohppd 7151 Vlqfh dq| phpehu { ri wkh vhw D? fdq eh fdofxodwhg xqltxho| lq
wlph 52? li zh duh jlyhq wkh sro|qrpldo0wlph dojrulwkpG dqg wkh srvlwlrq ri { lq D?

h{suhvvhg dv dq q�^5 orj h orjq orj orjq` elw vwulqj1 Lw iroorzv wkdwD?_UDQG|
Sc? @ >/

iru vx�flhqwo| odujh q1 Wklv phdqv wkdw wkh hqvhpeoh U|
S @ iU|

Sc?j?M� lv xqlirupo|
xqsuhglfwdeoh lq sro|qrpldo0wlph1

Wkhruhp 717 Wkh hqvhpeoh US @ iUSc?j?M� lv xqlirupo| xqsuhglfwdeoh lq
sro|qrpldo0wlph1

Surri1 Wkh surri lv vlplodu wr wkh surri ri Wkhruhp 7161

Wkhruhp 718 Hyhu| svhxgrudqgrp hqvhpeoh [ @ i[?j?M� lv xqlirupo| xqsuh0
glfwdeoh lq sro|qrpldo0wlph1

Surri1 Iru wkh vdnh ri frqwudglfwlrq/ zh dvvxph wkdw [ lv qrw xqlirupo| xq0
suhglfwdeoh lq sro|qrpldo0wlph1 Wkdw lv/ wkhuh lv d sro|qrpldo0wlph dojrulwkp
G = i3> 4jW $ i3> 4j dqg d sro|qrpldo sf+�, vxfk wkdw wkh iroorzlqj frqglwlrq krogv
iru lq�qlwho| pdq| q= [

%M�?

Sure+[? @ {, A
4

sf+q,
> +7,

zkhuh iD?j?M� lv gh�qhg lq Ohppd 7151 Qrz zh gh�qh d sro|qrpldo0wlph frp0
sxwdeoh ixqfwlrq G� e| ohwwlqj

G�+{, @

+
4> { 5 D? iru vrph q 5 Q >
3> rwkhuzlvh1

E| yluwxh ri wkh gh�qlwlrq ri G�/ zh kdyh wkh iroorzlqj htxdolw|=

Sure+G�+[?, @ 4,� Sure+G�+X?, @ 4,

@
S

%M�?
Sure+[? @ {,�S

%M�?
Sure+X? @ {,=

Khqfh/ e| Ohppd 715 dqg +7,/ wkh iroorzlqj lqhtxdolw| krogv iru vx�flhqwo| odujh q=

mSure+G�+[?, @ 4,� Sure+G�+X?, @ 4,m � 4

sf+q,
� h32 *L}? *L} *L}?

@
4

sf+q,
� 4

q2 *L} e *L} *L}?

� 4

5sf+q,
=

Wklv frqwudglfwv zlwk wkh idfw wkdw [ dqg X duh lqglvwlqjxlvkdeoh lq sro|qrpldo0
wlph1

Fruroodu| 719 Wkh xqlirup hqvhpeoh X @ iX?j?M� lv xqlirupo| xqsuhglfwdeoh lq
sro|qrpldo0wlph1
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Surri1 Wklv iroorzv iurp Wkhruhp 7181

Vlqfh wkh hqvhpeoh US @ iUSc?j?M� lv xqlirupo| xqsuhglfwdeoh lq sro|qrpldo0
wlph +fi1 Wkhruhp 717, exw qrw svhxgrudqgrp +fi1 Wkhruhp 615,/ wkh frqyhuvh ri
Wkhruhp 718 lv qrw wuxh1

Fruroodu| 71: Ohw J eh d svhxgrudqgrp jhqhudwru1 Wkhq wkh hqvhpeoh
iJ+X?,j?M� lv xqlirupo| xqsuhglfwdeoh lq sro|qrpldo0wlph1

Surri1 Wklv iroorzv iurp Wkhruhp 7181

Wkhruhp 71: vkrzv wkdw jlyhq d svhxgrudqgrp jhqhudwru J/ dqg d wuxo| udqgrp
lqsxw {/ wkh rxwsxw J+{, lv xqsuhglfwdeoh lq sro|qrpldo0wlph zlwk kljk suredelolw|/
wkrxjk J+{, lv qrw f0svhxgrudqgrp1

e�2 �h)T|L}h@T��U �?Thi_�U|@M�*�|)

Gh�qlwlrq 71; +^47`, Dq hqvhpeoh [ @ i[?j?M� lv fdoohg xqsuhglfwdeoh lq
sro|qrpldo0wlph li iru hyhu| suredelolvwlf sro|qrpldo0wlph dojrulwkp G/ hyhu| sro|0
qrpldo s+�,/ dqg doo vx�flhqwo| odujh q/ wkh iroorzlqj frqglwlrq lv vdwlv�hg1

Sure +G+[?, @ qh{w(+[?,, � 4

5
.

4

s+q,
>

zkhuh qh{w(+{, uhwxuqv wkh +l.4,0wk elw ri { li G rq lqsxw { uhdgv rqo| l ? m{m elwv
ri {/ dqg uhwxuqv d xqlirupo| fkrvhq elw rwkhuzlvh +l1h1/ lq fdvh G uhdg wkh hqwluh
vwulqj {,1

Wkhruhp 71< +^47`/ ^6`, Dq hqvhpeoh [ @ i[?j?M� lv svhxgrudqgrp li dqg rqo|
li lw lv xqsuhglfwdeoh lq sro|qrpldo0wlph1

Fruroodu| 7143 Qhlwkhu wkh hqvhpeoh US @ iUSc?j?M� qru wkh hqvhpeoh U|
S @

iU|
Sc?j?M� lv xqsuhglfwdeoh lq sro|qrpldo0wlph1

Surri1 Wklv iroorzv iurp Wkhruhpv 614/ 615/ dqg 71<1

D �L44i?|t @?_ LTi? ^�it|�L?t

Lq wkh ylhz ri Gh�qlwlrq 714/ dq hqvhpeoh [ @ i[?j?M� lv xqlirupo| xqsuhglfwdeoh
lq sro|qrpldo0wlph li iru hyhu| sro|qrpldo0wlph dojrulwkp G = i3> 4jW $ i3> 4j dqg
vx�flhqwo| odujh q/ d vwulqj { 5 [? vdwlv�hv +4, zlwk d suredelolw| ri dw ohdvw 4� �

RE?� 1

Li zh uhsodfh wkh suredelolw| 4� �
RE?� zlwk 4/ wkhq zh rewdlq d vwurqjhu gh�qlwlrq1

Gh�qlwlrq 814 Dq hqvhpeoh [ @ i[?j?M� lv fdoohg vwurqjo| xqsuhglfwdeoh lq
sro|qrpldo0wlph li iru hyhu| sro|qrpldo0wlph dojrulwkp G = i3> 4jW $ i3> 4j/ wkhuh lv
d frqvwdqw qf vxfk wkdw iru doo q � qf dqg doo vwulqjv { vxfk wkdw Sure+[? @ {, A 3/
frqglwlrq +4, krogv1

Wkh surri ri Wkhruhp 716 vkrzv wkdw wkh hqvhpeoh U|
S @ iU|

Sc?j?M� lv vwurqjo|
xqsuhglfwdeoh lq sro|qrpldo0wlph1 Krzhyhu/ svhxgrudqgrp hqvhpeohv duh qrw qhf0
hvvdulo| vwurqjo| xqsuhglfwdeoh lq sro|qrpldo0wlph1 Iru h{dpsoh/ wkh xqlirup hq0
vhpeoh X @ iX?j?M� lv qrw vwurqjo| xqsuhglfwdeoh lq sro|qrpldo0wlph1 Dv dqrwkhu
h{dpsoh/ zh vkrz wkdw wkh hqvhpeoh iJ+X?,j?M� lv qrw vwurqjo| xqsuhglfwdeoh lq
sro|qrpldo0wlph zkhuh J lv wkh EEV ^5` svhxgrudqgrp jhqhudwru1
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H{dpsoh 4 Ohw erwk s dqg t eh glvwlqfw sulphv frqjuxhqw wr 6 prg 7/ Q @ st/ dqg
o+q, A q eh d sro|qrpldo1 Iru hdfk qxpehu { ? Q dqg l � s+orjQ,/ ohw {3� @ {/
{�n� @ {2� prg Q dqg e� @sdulw|+{�, zkhuh sdulw|+|, ghqrwhv wkh ohdvw vljql�fdqw elw
ri |1 Wkhq wkh EEV ^5` svhxgrudqgrp jhqhudwru lv gh�qhg dv J+{, @ ef = = = e,E*L}��1
Lw lv fohdu wkdw J+3, @ 3 = = = 31 Zkhqfh iJ+X?,j?M� lv qrw vwurqjo| xqsuhglfwdeoh lq
sro|qrpldo0wlph1

Krzhyhu/ wkh iroorzlqj txhvwlrq uhpdlqv rshq1

Txhvwlrq 41 Iru d svhxgrudqgrp jhqhudwru J/ lv wkh hqvhpeoh iJ+USc?,j?M�
vwurqjo| xqsuhglfwdeoh lq sro|qrpldo0wlphB

Li wkh dqvzhu wr wkh deryh txhvwlrq lv srvlwlyh/ wkhq zh jhw d fkdudfwhul}dwlrq
ri svhxgrudqgrp jhqhudwruv1 Wkdw lv/ iru d svhxgrudqgrp jhqhudwru J dqg d wuxo|
udqgrp lqsxw { 5 UDQGS/ wkh rxwsxw J+{, vdwlv�hv wkh frqglwlrq +4,1 Wklv frlq0
flghv zlwk rxu lqwxlwlrq wkdw wkh l0wk elw ri d svhxgrudqgrp vwulqj vkrxog qrw eh
suhglfwdeoh iurp lwv �uvw l� 4 elwv1 Krzhyhu/ wkh dqvzhu wr Txhvwlrq 4 pd| eh qhj0
dwlyh> lq wklv fdvh zh vxjjhvw wkh iroorzlqj dowhuqdwlyh gh�qlwlrqv iru svhxgrudqgrp
jhqhudwruv1

Gh�qlwlrq 815 +Vxjjhvwhg qhz gh�qlwlrq 4,1 D svhxgrudqgrp jhqhudwru lv d
ghwhuplqlvwlf sro|qrpldo0wlph dojrulwkp J vdwlvi|lqj wkh iroorzlqj wkuhh frqglwlrqv=

41 Wkhuh h{lvwv d ixqfwlrq o = Q $ Q vr wkdw o+q, A q iru doo q 5 Q / dqg
mJ+v,m @ o+mvm, iru doo v 5 i3> 4jW1

51 Wkh hqvhpeoh iJ+X?,j?M� lv svhxgrudqgrp1

61 Wkh hqvhpeoh iJ+USc?,j?M� lv vwurqjo| xqsuhglfwdeoh lq sro|qrpldo0wlph1

Gh�qlwlrq 816 +Vxjjhvwhg qhz gh�qlwlrq 5,1 D svhxgrudqgrp jhqhudwru lv d
ghwhuplqlvwlf sro|qrpldo0wlph dojrulwkp J vdwlvi|lqj wkh iroorzlqj wzr frqglwlrqv=

41 Wkhuh h{lvwv d ixqfwlrq o = Q $ Q vr wkdw o+q, A q iru doo q 5 Q / dqg
mJ+v,m @ o+mvm, iru doo v 5 i3> 4jW1

51 Wkh hqvhpeoh iJ+USc?,j?M� lv vwurqjo| xqsuhglfwdeoh lq sro|qrpldo0wlph1

Lw lv nqrzq wkdw wkh hqvhpeoh iUSc?j?M� lv vwurqjo| xqsuhglfwdeoh lq sro|qrpldo0
wlph/ exw qrw svhxgrudqgrp1 Dv d frqfoxvlrq/ zh jlyh dq hqvhpeoh zklfk lv erwk
svhxgrudqgrp udqgrp dqg vwurqjo| xqsuhglfwdeoh lq sro|qrpldo0wlph1

Wkhruhp 817 Ohw G�>G2> = = = eh d xqlirup hqxphudwlrq +wkdw lv/ G�+{, lv frp0
sxwdeoh lq wlph 5�%�n�, ri doo sro|qrpldo0wlph dojrulwkpv/ dqg D(�

? eh gh�qhg lq
Ohppd 7151 Wkhq wkh hqvhpeoh [ @ i[?j?M� lv erwk svhxgrudqgrp dqg vwurqjo|
xqsuhglfwdeoh lq sro|qrpldo0wlph/ zkhuh [? lv d udqgrp yduldeoh xqlirupo| glv0

wulexwhg ryhu i3> 4j? q +^�*L} *L}?0
�'� D(�

? ,1

:
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^4` N1 Dperv0Vslhv/ H1 Pd|rugrpr/ \1 Zdqj/ dqg [1 ]khqj1 Uhvrxufh0erxqghg
edodqfhg jhqhulflw|/ vwrfkdvwlflw| dqg zhdn udqgrpqhvv1 Lq Surf1 46ug VWDFV/
Ohfwxuh Qrwhv lq Frpsxw1 Vfl1/ 4379/ sdjhv 960:71 Vsulqjhu Yhuodj/ 4<<91

^5` O1 Eoxp/ P1 Eoxp dqg P1 Vkxe1 D vlpsoh xqsuhglfwdeoh svhxgr0udqgrp qxp0
ehu jhqhudwru1 VLDP M1 Frpsxw1/ 48+5,=697~6;6/ 4<;91

^6` P1 Eoxp dqg V1 Plfdol1 Krz wr jhqhudwh fu|swrjudsklfdoo| vwurqj vhtxhqfhv ri
svhxgrudqgrp elwv1 VLDP M1 Frpsxw1/ 46=;83~;97/ 4<;71

^7` F1 Fdoxgh1 Lqirupdwlrq dqg Udqgrpqhvv1 Dq Dojrulwkplf Shuvshfwlyh1
Vsulqjhu0Yhuodj/ Ehuolq/ 4<<71

^8` J1 M1 Fkdlwlq1 Rq wkh ohqjwk ri surjudpv iru frpsxwlqj �qlwh elqdu| vhtxhqfhv1
M1 Dvvrf1 Frpsxw1 Pdfk1/ 46=87:~89</ 4<991

^9` J1 M1 Fkdlwlq1 Wkh Olplwv ri Pdwkhpdwlfv/ Vsulqjhu0Yhuodj/ Vlqjdsruh/ 4<<:1

^:` R1 Jroguhlfk1 Irxqgdwlrqv ri Fu|swrjudsk| +Iudjphqwv ri d Errn,1 HFFF
Prqrjudskv1 kwws=22zzz1hfff1xql0wulhu1gh2hfff1

^;` O1 D1 Khpdvsdqgud/ D1 O1 Vhopdq +hgv1,1 Frpsoh{lw| Wkhru| Uhwurvshfwlyh LL1
Vsulqjhu0Yhuodj/ Qhz \run/ 4<<:1

^<` D1 Q1 Nroprjrury1 Wkuhh dssurdfkhv wr wkh gh�qlwlrq ri wkh frqfhsw _txdqwlw|
ri lqirupdwlrq%1 Sureohp| Lqirup1 Wudqvplvvlrq/ 4=6~:/ 4<981

^43` H1 Pd|rugrpr1 Frqwulexwlrqv wr wkh Vwxg| ri Uhvrxufh0Erxqghg Phdvxuh1
Sk1G1 wkhvlv/ Edufhorqd/ 4<<71

^44` U1 M1 Vrorprqr�1 D irupdo wkhru| ri lqgxfwlyh lqihuhqfh/ Sduw 4 dqg Sduw 51
Lqirup1 dqg Frqwuro/ :=4~55 dqg :=557~587/ 4<971

^45` \1 Zdqj1 Uhvrxufh erxqghg udqgrpqhvv dqg frpsxwdwlrqdo frpsoh{lw|1 Wr
dsshdu lq Wkhruhwlfdo Frpsxwhu Vflhqfh1

^46` \1 Zdqj1 Udqgrpqhvv dqg Frpsoh{lw|1 Sk1G1 wkhvlv/ Khlghoehuj/ 4<<91

^47` D1 \dr1 Wkhru| dqg dssolfdwlrqv ri wudsgrru ixqfwlrqv1 Lq Surf1 ri wkh 56ug
LHHH V|ps1 rq Irxqgdwlrq ri Frpsxwhu Vflhqfh/ sdjhv ;3~<4/ 4<;51
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