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Abstract

In this paper we extend (and study) two computational complementarity prin-
ciples from Moore to Mealy automata which are finite machines possessing better
“quantum-like” features. We conjecture that automata which are reversible accord-
ing to Svozil do not satisfy any of these computational complementarity principles.
This result is consistent with the embeddability of irreversible computations into
reversible ones (via Bennett’s method, for example). Mathematica experiments con-
firmed this hypothesis.

1 Introduction

Bohr’s complementarity principle states the existence of certain (complementary) fea-
tures of a quantum system which cannot be measured and predicted simultaneously with
arbitrary accuracy. The most vivid illustration was announced recently in [1]: wave-like
behaviour (interference) occurs only when the different possible paths a particle can take
are indistinguishable, even in principle.!

Building on Moore’s “Gedanken” experiments, in [14, 13] complementarity was mod-
elled by means of finite automata. Two new computational complementarity principles
have been introduced and studied in [3, 2, 8, 7, 6] using Moore’s automata without initial
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n a double slit experiment with electrons scientists observed how the resultant interference pattern
dissipates as the electrons go through the slits. The experiment involved for the first time fermions,
spin-one-half particles. The “electrons particles" and “electron waves" slalom through a two-dimensional
obstacle course, where they have to negotiate a pair of channels; one channel can “memorise" when an
electron passed that way. The “electron wave" passes through both channels, but if it senses that it is
being watched, the “electron particle" goes through only the one path, and as a result the interference
diminishes.



states. We stress that we are dealing with a “classical measurement", that is one in
which the measurement result can be copied (one-to-many) arbitrarily many times. This
is very similar to the quantum measurement process, where also a classical apparatus
is assumed. Thereby it is possible to maintain the measurement result “as well as" we
develop the automaton backward.

Motivated by Svozil’s analysis in [14] we extend the above mentioned computational
complementarity principles for Mealy automata, a class of finite machines having better
“quantum-like” features (see [14]). A special analysis will be devoted to the relation
between “reversibility” and complementarity, mainly using Svozil’s proposed definition of
reversibility [15]. We conjecture that both computational complementarity principles are
incompatible with reversibility; Mathematica experiments (we have used Mathematica
3.0 [17]) confirmed this hypothesis.

2 Moore and Mealy Automata

A finite deterministic automaton consists of a finite set of states and a set of transitions
from state to state that occur on input symbols chosen from some fixed alphabet. For
each symbol of the alphabet there is exactly one transition out of each state, possibly
back to the state itself. So, formally, a finite automaton consists of a finite set ) of
states, an input alphabet ¥, and a transition function 6 : ) x ¥ — (. Sometimes a
fixed state is considered to be the initial state, and a subset F' of () denotes the set of
final states. An automaton “reacts" by emitting an output from a finite set O. In what
follows we are going to fix the alphabet ¥ and concentrate almost exclusively on the case
of automata for which O and ¥ have the same cardinality, i.e., #(0) = #(X).

A Moore automaton is a finite deterministic automaton having an output function
f:Q — O. At each time the automaton is in a given state g and is continually emitting
the output f(q). The automaton remains in state ¢ until it receives an input signal o,
when it assumes the state 6(g, o) and starts emitting f(6(¢q,0)). So, a Moore automaton
will be just a triple A = (Q, 6, f).

Let X* be the set of all finite sequences (words) over the alphabet ¥, including the
empty word \; by 1 we denote ¥* \ {\}. The transition function § can be extended to
a function ¢ : Q x ¥* — @, as follows:?

6(q,\) = q,

8(q,0w) = 6(6(q,0),w),

for all g € Q,0 € ¥, w € ¥*.

The output produced by an experiment executed on the Moore automaton A in state
q with input sequence w € ¥* is described by Ra(q,w), where R4 : Q x ¥* — O* is
Moore’s response function defined as follows (see[8]):

Ra(g,N) = f(q),

R.A(q7 O"U)) = f(q) R.A(é(% 0)7w)7

for all g € Q,0 € ¥, w € ¥*.

2For brevity we will write é instead of §.



A Mealy automaton is a finite automaton with the output function p defined on Q) x 3
instead of just @, i.e., p: Q@ x ¥ — O. So, a Mealy automaton is a triple A = (Q, 9, ).
The response of the Mealy automaton A is the function p4 : Q x X* — O* defined by

pa(g,A) = A,

palq, ow) = pu(q, o) pa(d(g, o), w),

forall g € Q,0 € X, w € 3*.

Let A = (Q,9, f) be a Moore automaton and consider it as a Mealy automaton
A= (Q, 6, 1), with the output function defined by p(q,0) = f(q), for all g € Q, o € X.
Then, there is an 1-shift translation between Moore and Mealy responses of A:

Ra(q,w) = pra(q, wo), (1)

forallg € Q,w € ¥*,0 € X. Indeed, p14(q,0) = u(q,0) = f(q) = Ra(gq, A), and assuming
that the equation (1) is valid, for all € € ¥ we get:

palgewo) = u(g,e) pa(é(q,e), wo)
pal(q,e) Ra(6(q,€),w)
Ra(g,\) Ra(é(g,¢),w)
= Rul(gq,ew).

3 Computational Complementarity

Let A be a Mealy automaton. Two states p,q € @ are distinguishable in case there exists
a word w € ¥* such that p4(q,w) # pa(p,w). Following [8] we say that:

e The automaton A has property A if every pair of distinct states ¢,¢ € Q is
distinguishable.

e The automaton A has property B if for every state ¢ € ) there exists a word
w € ¥* which distinguishes ¢ from all states ¢’ # q.

e The automaton A has property C if there exists a word w € X* which distinguishes
every distinct states ¢, ¢’.

Intuitively, A has property A if any two states have distinct behaviours; A has
property B if for every state g there exists a word depending upon ¢ which distinguishes
between ¢ and all other states. Finally, A has property C if there exists a word which
globally distinguishes between any two states.

Example 1 Let A be the Mealy automaton with @ = {1,2,3}, ¥ = {a,b}, and O =
{0,1}, whose transition and output are given by the following tables:



LW ~>
® N 9| R
L LW W&
L =&
_ O N2
~ o~ O

Figure 1.

Then, A has A but not B.

Proof. We have pg(l,a) =1 # 0 = pa(2,a), pa(1,0) =0 # 1 = pa(3,b) and
ua(2,a) =0 # 1 = pa(3,a), hence every pair of distinct states are distinguishable.
Therefore A has property A. Let w € 1. If w = aw’ with v’ € ¥*, then pq(3,w) =
w(3,a)pa(2,w') = 1pa(2,w") = p(l,a)pa2,w') = pa(l,w). If w = bw' with v’ € ¥*,
then pa(3,w) = p(3,0)pa3,w") = 1pa(3,w'") = pu(2,0)ua(3,w") = pa(2,w). So, there
is no word w € X7 such that p4(3,w) # ua(l,w) and ps(3,w) # pa(2,w), therefore
the automaton A has not property B. O

Example 1 shows a first type of complementarity, property A but not property B:
any two distinct states of the automaton can be distinguished, but there is at least
one state which cannot be distinguished from all the others by any single input word.
Measurement of the hypothesis that “the automaton is in state 1” makes impossible the
measurement of the hypotheses “the automaton is in state 2” and “the automaton is
in state 3”. This is the first principle of complementarity, CI: it mimics Heisenberg’s
uncertainty (cf. [3]).

Example 2 Let A be the Mealy automaton with Q = {1,2,3,4}, ¥ = {a,b}, and O =
{0,1}, whose transition and output are given by the following tables:

LW R N~ |
DO DD R N

B WO N D

B SNCERCIEN
~ o O R
~ NN

Figure 2.

Then, A has B but not C.

Proof. Let w; = b, we = ba, wy = ab and ws = a. It can be easily verified that
wa(i,wg) # pa(j,w;) for all i, 5 € Q, j # i, therefore A has property B.

Let w € . If w = aw’ with @' € ¥*, then pa(l,w) = p(l,a)pa(l,w’) =
Opa(l,w') = w2,a)pa(l,w') = pa(2,w). If w = bw' with w' € ¥*, then py(3,w) =
w(3,0)pa2,w') = 1pa(2,w') = w(4,0)pa(2,w') = pa(4,w). Hence there is no word
w € X7 which globally distinguishes between every two distinct states, so the automa-
ton A has not the property C. O



Example 2 shows a second type of complementarity: property B but not property C.
Any state of the automaton can be distinguished from the others by a single input word,
but there is no unique input word which globally distinguishes between any two distinct
states. This is the complementarity principle CII: each experiment “generates" a pair
of distinct states which exercise a mutual influence, namely they cannot be separated by
the experiment w; this influence mimics, in a sense, the state of quantum entanglement,
and may be conceived as a toy model for the EPR effect (see [9, 11, 12]), as well as for the
Zou-Wang-Mandel effect [16]. Under CII, for each experiment w we have at least two
states ¢,¢’ (as distant as we like) which interact via the experiment w: any measurement
of g affects ¢’ and, conversely, any measurement of ¢’ affects q.

We present below an automaton having property C.

Example 3 Let A be the Mealy automaton with @ = {1,2,3}, ¥ = {a,b}, and O =
{0,1}, whose transition and output are given by the following tables:

_~ o~ o

WO ~>
D ~ | L
L WS
Lo o =&
_~ QO N R

Figure 3.
Then, A has C.

Proof. We have pi4(1,ba) = 01, p4(2,ba) = 10 and p4(3,ba) = 11, therefore the
word ba globally distinguishes between any two distinct states. Hence A has property
C. O

The coherence between the definition of properties A, B, C for Moore and Mealy
automata is stated in the following proposition.

Proposition 4 Let A = (Q,06, f) be a Moore automaton and consider it as a Mealy
automaton A’ = (Q, 6, 1), where u(q,0) = f(q), for allq € Q, 0 € ¥. Then, A has A
(respectively, B, C) if and only if A" has A (respectively, B, C).

Proof. In view of (1), for every states p,q € @, p and ¢ are distinguishable in A if
and only if R4(p,w) # Ra(q,w), for some w € ¥* if and only if p(p, wo) # pa(q, wo),
for some w € ¥* and o € ¥ if and only if p and ¢ are distinguishable in A’. O

A morphism between the automata A = (Q,6, n) and A" = (@', 8, 1/) is a function
h:Q — @ such that

h(6(g,0)) = 6'(h(q),0), forallqeQ,o€X,

u(a,0) = 1 (h(g),0), forallqe Q.0 €.

Two Mealy automata A and A’ are isomorphic in case there exists a bijective mor-
phism h: A — A'.



Proposition 5 If A and A" are two Mealy automata, A has property A and h : A — A
is a morphism, then h is injective.

Proof. Suppose h(q) = h(q¢') with q,¢' € Q and q # ¢'. Then pu(q,0) = /' (h(q),0)
W(h(q),0) = pld,o) for all ¢ € ¥ and h(é(q,0)) = §(h(q),0) = &(h(¢),0
h(6(q',0)), for all 0 € ¥ as h is a morphism.

Since A has property A, there exists w = o07...0, € X* such that pa(q,w) #
pa(d,w). Let ¢ = 6(q,01) and ¢} = 6(¢',01). Then h(q1) = h(6(q,01)) = h(6(¢',01)) =
h(q}). Inductively define ¢; = 6(q;—1,0;) and ¢} = 6(q¢,_4,0:), for i =2,... ,n. We then
deduce that

palq,w) = pa(g,o1...0n)
= plg,01)palq,o2...0n)
= plg,01)(q1,02) - .. p(gn-1,00n)
= ' o1)ulqr,02) - p1(@n_1,0n)

= pa(d,w),
which contradicts the relation p4(q, w) # pa(q',w). Therefore ¢ = ¢/, so h is injective.
O
Lemma 6 If h is a morphism between the Mealy automata A = (Q,06,u) and A" =
(Q', 8, 1), then the following relation holds for all q € Q,w € ¥*:
pa(g,w) = pa(h(q), w).
Proof. The proof follows by induction on w. O

Corollary 7 If two Mealy automata are isomorphic and one of them has A (B or C),
then the other has the same property.

Proof. We use Lemma 6 to show that if two states p and ¢ are distinguishable in A
by the input w and h is the isomorphism between A and A’, then w distinguishes h(p)
and h(q) in A'. O

4 When Computational Complementarity Disappears?

It is obvious that C implies B and B implies A. A natural question is: when are the prop-
erties A, B and C equivalent, i.e., when both computational complementarity principles
disappear? We shall partially answer this question using an algebraic approach.

Let us consider the Mealy automaton A = (Q,9, 1) and the operators (T )wes-
defined by

Tw:Q—Q, Tu(q) =6(g,w), forallgeq.



Since Ty, o T}, = Ty, for all u,v € ¥* and T) is neutral element for the composition
law, the class of operators (T},)wex+ is a finite monoid called the transition monoid of
the automaton A.

The proof of the following result was given in [3] for the case of Moore automata,; it
can be easily extended to Mealy automata as well.

Proposition 8 If the transition monoid of the Mealy automaton A is a group, then
properties A, B and C are equivalent for A.

In fact, for Moore automata a stronger result is valid:

Theorem 9 If the transition semigroup (Ty,)yexi+ of the Moore automaton A = (Q, 6, f)
is a group, then properties A, B and C are equivalent.

Proof. Let T: be the neutral element of the group (T},),ex+, with 7 € 3. Then for
all u € ¥ we have T),; = T, = T,, and there exists & € ¥ T such that T}, = Ty, = 1. If
the automaton A has A, then for each pair of states q; # g2 there exists a word wyg, g, €
St such that pa(q1, we.q) 7 1A(q2, g ¢,). We concatenate all words wg, ¢,Wq; .4, With
q1 # ¢2 and we get a word w € X. We shall prove that p4(q1,w) # pa(qe,w), for all
distinct states ¢1 and go.

There are two cases to consider depending on whether the equality T-(q1) = Tr(g2)
is valid or not.

If T-(q1) = Tr(q2) then for all 0 € ¥ we have

To(q1) = Tor(q1) = To(Tr(q1)) = T6(T7(q2)) = Tor(q2) = To(q2)-

Therefore 6(q1,0) = 6(q2,0), for all 0 € ¥. But Ra(q1,wq,.q,) # Ra(g2, Wy, q4,), hence
f(q1) # f(g2). Then obviously Ra(qi,w) # Ra(g2,w) (because their first letters are
different).

If T-(q1) # Tr(q2), let ¢) = T-(q1) and ¢4 = Tr(q2). Since ¢j # ¢4 and A has A,
there exists a word wy € 5T such that Ra(qy,wy g) # Ra(gy,we ). Let w =

W1Wy o Wer w2, With wy, w € ¥*. The prefix wy and the suffix wy have the same form

as w, since they are obtained by the concatenation of some wy, . W, o~ With ¢; # q;.
We shall first prove that 6(q1,w1) = T (q1) = ¢} and §(q2,w1) = T7(q2) = g¢5. Suppose
that w1 = wy, ¢; Ve, g, -- Wai a5, Wai iy, where ¢;; # qj,,-- ., G, 7# qj.- We have

Tin17Qj1 Wa;, 45, (CII) = TT(ql) = qia

since Ty is the neutral element of the group (7y),ex+. Also,
/ / / /
quiZ’qJQ Waig a4y (@) == quik’qjk Waiy, 4y, (q1) =Tr(q1) = 44,

since Tr(q1) = Tr(Tr(q1)) = Trr(q1) = Tr(q1) = q;- Then &(q1,w1) = Tu(q1) =
TE(q1) = TFY(Ty(q1)) = TF*'(q}) = ¢;. In the same manner it follows that 6(qs,w;) =

Tr(g2) = ¢5-
Then

Ra(q,w) = RA(Qvalwq’pqéwq’pr’MQ)

2
= flg)wiRA(8(q1, w1), Wy g Wg rws)

= fl@)wiRa(q), wy, W0 grw2)-

7



Similarly,

R.A((D:w) = f(qQ)wIQRA(qga wq’l,qéwqi7q’2w2)7

with | f(q1)wi| = [f(g2)wy| = |wi|+1. If f(g1)w # f(g2)wy, then Ra(q1, w) # Ra(gz, w).
If flg)w) = f(g2)wy, since Ra(q),wy q) # Ralgh,wy 4), it follows again that
Ra(q1,w) # Ra(qz,w).

We have proved that the word w globally distinguishes between any two distinct
states, therefore M has property C. (|

Remark. Theorem 9 is stronger than the corresponding Proposition 8 for Moore au-
tomata. Indeed, if the transition monoid is a group, then the transition semigroup
(Tw)wes+ is also a group, but the converse implication fails to be true (see Example 10).
If the transition monoid is a group, then every operator T, (¢ € ¥) is a permutation

(see [3]), so there is a word u € X7 such that T, is the identity, which shows that the
transition semigroup is also a group.

Theorem 9 is no longer true for all Mealy automata, as the following counterexample
shows.

Example 10 The automaton with Q = {1,2,3,4}, ¥ = {a,b} and O = {0,1}, with
transitions and outputs given by:

O|la b wla b

111 8 11 0

2138 1 210 1

318 1 311 1

411 38 411 1
Figure 4.

has a group transition (Ty,)yex+, but it has B and not C.

Proof. Let wy = b, ws = a, ws = ab and wy = bb. It can be easily verified that
pwa(i,w;) # pa(g,w;) for all 7,5 € Q, j # i, therefore A has property B.

Let w € ©F. If w = aw' with w' € ¥*, then pa(4,w) = p(4,a)pas(l,w') =
lpua(1,w') = p(l,a)pa(l,w’) = pa(l,w). If w = bw' with w' € ¥* then pug(2,w) =
w(2,0)pa(l,w") = 1pa(l,w') = w(3,0)pa(l,w’) = pa(3,w). It follows that there is
no word w € ¥ which globally distinguishes between every two distinct states, so the
automaton A has not C.

However, Ty, = Ty = T and Tyq = Ty = Tg, so that the transition semigroup
(Tw)wes+ is a group. O



5 Decidability of Properties A, B and C

In this paragraph we are going to work with Moore automata with initial and final states,
as our main aim is to represent properties A, B and C in terms of regular languages.
Let A= (Q,9, 1) be a Mealy automaton and let fj be a symbol which does not belong to
(. We consider the class of finite deterministic automata (Aq)geq given by

Aq = (QU {h}az X 27 Q76/7Q)7

with final states (@, initial state ¢ and the transition function

§'( ,(0,7)):{ 8(p,0), if plp,0) =1, forall pe Q,o,7 € X.

b, otherwise,

Extending a result from [3] it can be easily shown that every distinct states p and
q from @ are distinguishable if and only if the languages accepted by the automata A,
and A, are different, i.e., L(Ap) # L(Ay).

Proposition 11 Properties A, B and C are algorithmically decidable for Mealy au-
tomata.

Proof. From the construction of automata (Ag)scq it follows that A is true if and
only if

(L(Ag) \ L(Ap)) U (L(Ap) \ L(Ag)) # 0, forall p,q € Q, p# g,

B is true if and only if

LA U LCA) | U [ LA L) | #0, forallge @,
p#q p#q

and C is true if and only if

() (LA \ L(Ap)) U (L(Ap) \ L(Ay)) # .
p#q

Since L(Ay) is a regular language for all ¢ € @, the class of regular languages is closed
under difference, union and intersection and the emptiness property of a regular language
is decidable, we deduce that properties A, B and C are algorithmically decidable. [



6 Reversibility and Computational Complementarity

An operation is reversible if can be undone; it is simply determinism looking backwards
in time. Conventional computers are irreversible, and constantly discard information
about their states. Since the laws of physics are reversible at a microscopic level (a given
microstate can only be reached by a single path) it follows that irreversible operations
and the accompanying production of entropy are in principle not necessary.®> The world’s
first fully adiabatic and reversible universal computer was presented by Frank, Vieri,
Ammer, Love, Margolus, Knight [10, 5|: working with a parallel and scalable architecture,
ignoring leakage and power supply issues one can show that the machine can perform
any computation using arbitrarily little energy per operation.

As a consequence the lesson taught by quantum mechanics is reinforced: we have to
restrict ourselves to one-to-one computational operations and exclude one-to-many ones
(e.g., copying). Following Svorzil [15] we are going to be interested in Mealy automata .4 =
(@, 6, 1v) for which the function I : Q@ X ¥ — @ x O defined by I'(¢q,0) = (6(q,0), (g, 7))
is bijective.? This is Svozil’s definition of “reversibility” for Mealy automata.

First notice that there exist (m-n)! reversible Mealy automata with n states working
on an alphabet with m symbols. However, it may be the case that for some pair X, Q)
no Moore automaton (Q, 9, f) is Svozil reversible.

Proposition 12 A necessary and sufficient condition for the existence of a Svozil re-
versible Moore automaton is that the automaton has an even number of states.

Proof. For simplicity assume that ¥ = {a,b}, O = {0,1}. If Q@ = {1,2,...,2k},
then the Moore automaton corresponding to the function I' defined by I'(1,a) = (1,0),
I'2,a) =(2,0),...,[(k,a) = (k,0), T'(k+1,a) = (1,1),... ,T'(2k,a) = (k,1), ['(1,b) =
(k+1,0),... ,0(k,b) = (2k,0),T(k +1,b) = (k+1,1),... ,T(2k,b) = (2k, 1) is Svozil
reversible.

Conversely, if a Moore automaton (@, 9, f) is Svozil reversible and #(Q) = 2k + 1,
then #(I'(Q x X)) < #(Q x ) which shows that T' is not bijective. Indeed, take
Qo ={q € Q| f(q) = 0} and notice that max{#(Qo), #(Q\ Qo)} > k + 1. Assume that
#(Qo) > k+1. The restriction of T" to Qo x X produces always pairs (p,0). Consequently,
#I'(Qo xX) > 2k+2, and {I'(q,0) | g € Qo,0 € T} C {(p,0) | p € Q}. We have reached
a contradiction, as the set in the left-hand side has at least 2k + 2 elements while the set
on the right-hand side has 2k 4+ 1 elements. O

What is the relation between Svozil reversibility and computational complementarity
principles CI, CII? Svozil’s analysis in [15] suggests the following conjecture: no Mealy
automaton satisfying CI or CII is Svozil reversible. Using Mathematica 3.0 ([17]) we have
tested this conjecture for Mealy automata defined on a binary alphabet ¥ and having
3 and 4 states; we also performed random tests for automata with 5 and 6 states. All
these experiments confirmed our conjecture.

3Karl Svozil, in an email sent to C.S. Calude on 29 April 1998, comments: “In an uniformly reversible
environment (also the measurement apparatus is reversible), my suspicion is that there is no such “free
lunch” scenario: one has to decide either to swallow the measurement result (exclusive) or develop the
automaton backward. But I have no proof of that.”

*This can be realised in case 3 and O have the same number of elements. If we require only injectivity
we need to make sure that O has at least as many elements as 3.
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