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Lq Krqrxu ri G1 Ydlgd*v

98wk Eluwkgd|

Frpsxwdwlrqdo Frpsohphqwdulw| iru Phdo| Dxwrpdwd

Fulvwldq V1 FdoxghW_/ Hohqd Fdoxghh/ F�dw�dolqd �Vwhi�dqhvfx=

Devwudfw

Lq wklv sdshu zh h{whqg +dqg vwxg|, wzr frpsxwdwlrqdo frpsohphqwdulw| sulq0
flsohv iurp Prruh wr Phdo| dxwrpdwd zklfk duh �qlwh pdfklqhv srvvhvvlqj ehwwhu
�txdqwxp0olnh� ihdwxuhv1 Zh frqmhfwxuh wkdw dxwrpdwd zklfk duh uhyhuvleoh dffrug0
lqj wr Vyr}lo gr qrw vdwlvi| dq| ri wkhvh frpsxwdwlrqdo frpsohphqwdulw| sulqflsohv1
Wklv uhvxow lv frqvlvwhqw zlwk wkh hpehggdelolw| ri luuhyhuvleoh frpsxwdwlrqv lqwr
uhyhuvleoh rqhv +yld Ehqqhww*v phwkrg/ iru h{dpsoh,1 Pdwkhpdwlfd h{shulphqwv frq0
�uphg wklv k|srwkhvlv1

4 Lqwurgxfwlrq

Erku*v frpsohphqwdulw| sulqflsoh vwdwhv wkh h{lvwhqfh ri fhuwdlq +frpsohphqwdu|, ihd0
wxuhv ri d txdqwxp v|vwhp zklfk fdqqrw eh phdvxuhg dqg suhglfwhg vlpxowdqhrxvo| zlwk
duelwudu| dffxudf|1 Wkh prvw ylylg looxvwudwlrq zdv dqqrxqfhg uhfhqwo| lq ^4`= zdyh0olnh
ehkdylrxu +lqwhuihuhqfh, rffxuv rqo| zkhq wkh gl�huhqw srvvleoh sdwkv d sduwlfoh fdq wdnh
duh lqglvwlqjxlvkdeoh/ hyhq lq sulqflsoh14

Exloglqj rq Prruh*v �Jhgdqnhq� h{shulphqwv/ lq ^47/ 46` frpsohphqwdulw| zdv prg0
hoohg e| phdqv ri �qlwh dxwrpdwd1 Wzr qhz frpsxwdwlrqdo frpsohphqwdulw| sulqflsohv
kdyh ehhq lqwurgxfhg dqg vwxglhg lq ^6/ 5/ ;/ :/ 9` xvlqj Prruh*v dxwrpdwd zlwkrxw lqlwldo

WGhsduwphqw ri Frpsxwhu Vflhqfh/ Wkh Xqlyhuvlw| ri Dxfnodqg/ Sulydwh Edj <534</ Dxfnodqg/ Qhz
]hdodqg> hpdlo= fulvwldqCfv1dxfnodqg1df1q}1

_Sduwldoo| vxssruwhg e| DXUF D4;2[[[[[2953<32I67473:81
hGhsduwphqw ri Frpsxwhu Vflhqfh/ Wkh Xqlyhuvlw| ri Dxfnodqg/ Sulydwh Edj <534</ Dxfnodqg/ Qhz

]hdodqg> hpdlo= hohqdCfv1dxfnodqg1df1q}1
=Idfxow| ri Pdwkhpdwlfv/ Exfkduhvw Xqlyhuvlw|/ Vwu1 Dfdghplhl 47/ Exfkduhvw/ Urpdqld> hpdlo=

fvwhiCfrohjlx1fv1xqlexf1ur1
4 Lq d grxeoh volw h{shulphqw zlwk hohfwurqv vflhqwlvwv revhuyhg krz wkh uhvxowdqw lqwhuihuhqfh sdwwhuq

glvvlsdwhv dv wkh hohfwurqv jr wkurxjk wkh volwv1 Wkh h{shulphqw lqyroyhg iru wkh �uvw wlph ihuplrqv/
vslq0rqh0kdoi sduwlfohv1 Wkh �hohfwurqv sduwlfohv% dqg �hohfwurq zdyhv% vodorp wkurxjk d wzr0glphqvlrqdo
revwdfoh frxuvh/ zkhuh wkh| kdyh wr qhjrwldwh d sdlu ri fkdqqhov> rqh fkdqqho fdq �phprulvh% zkhq dq
hohfwurq sdvvhg wkdw zd|1 Wkh �hohfwurq zdyh% sdvvhv wkurxjk erwk fkdqqhov/ exw li lw vhqvhv wkdw lw lv
ehlqj zdwfkhg/ wkh �hohfwurq sduwlfoh% jrhv wkurxjk rqo| wkh rqh sdwk/ dqg dv d uhvxow wkh lqwhuihuhqfh
glplqlvkhv1



vwdwhv1 Zh vwuhvv wkdw zh duh ghdolqj zlwk d �fodvvlfdo phdvxuhphqw%/ wkdw lv rqh lq
zklfk wkh phdvxuhphqw uhvxow fdq eh frslhg +rqh0wr0pdq|, duelwudulo| pdq| wlphv1 Wklv
lv yhu| vlplodu wr wkh txdqwxp phdvxuhphqw surfhvv/ zkhuh dovr d fodvvlfdo dssdudwxv
lv dvvxphg1 Wkhuhe| lw lv srvvleoh wr pdlqwdlq wkh phdvxuhphqw uhvxow �dv zhoo dv% zh
ghyhors wkh dxwrpdwrq edfnzdug1

Prwlydwhg e| Vyr}lo*v dqdo|vlv lq ^47` zh h{whqg wkh deryh phqwlrqhg frpsxwdwlrqdo
frpsohphqwdulw| sulqflsohv iru Phdo| dxwrpdwd/ d fodvv ri �qlwh pdfklqhv kdylqj ehwwhu
�txdqwxp0olnh� ihdwxuhv +vhh ^47`,1 D vshfldo dqdo|vlv zloo eh ghyrwhg wr wkh uhodwlrq
ehwzhhq �uhyhuvlelolw|� dqg frpsohphqwdulw|/ pdlqo| xvlqj Vyr}lo*v sursrvhg gh�qlwlrq ri
uhyhuvlelolw| ^48`1 Zh frqmhfwxuh wkdw erwk frpsxwdwlrqdo frpsohphqwdulw| sulqflsohv duh
lqfrpsdwleoh zlwk uhyhuvlelolw|> Pdwkhpdwlfd h{shulphqwv +zh kdyh xvhg Pdwkhpdwlfd
613 ^4:`, frq�uphg wklv k|srwkhvlv1

5 Prruh dqg Phdo| Dxwrpdwd

D �qlwh ghwhuplqlvwlf dxwrpdwrq frqvlvwv ri d �qlwh vhw ri vwdwhv dqg d vhw ri wudqvlwlrqv
iurp vwdwh wr vwdwh wkdw rffxu rq lqsxw v|perov fkrvhq iurp vrph �{hg doskdehw1 Iru
hdfk v|pero ri wkh doskdehw wkhuh lv h{dfwo| rqh wudqvlwlrq rxw ri hdfk vwdwh/ srvvleo|
edfn wr wkh vwdwh lwvhoi1 Vr/ irupdoo|/ d �qlwh dxwrpdwrq frqvlvwv ri d �qlwh vhw T ri
vwdwhv/ dq lqsxw doskdehw 	/ dqg d wudqvlwlrq ixqfwlrq � = T � 	 $ T1 Vrphwlphv d
�{hg vwdwh lv frqvlghuhg wr eh wkh lqlwldo vwdwh/ dqg d vxevhw I ri T ghqrwhv wkh vhw ri
�qdo vwdwhv1 Dq dxwrpdwrq �uhdfwv% e| hplwwlqj dq rxwsxw iurp d �qlwh vhw R1 Lq zkdw
iroorzv zh duh jrlqj wr �{ wkh doskdehw 	 dqg frqfhqwudwh doprvw h{foxvlyho| rq wkh fdvh
ri dxwrpdwd iru zklfk R dqg 	 kdyh wkh vdph fduglqdolw|/ l1h1/ &+R, @ &+	,1

D Prruh dxwrpdwrq lv d �qlwh ghwhuplqlvwlf dxwrpdwrq kdylqj dq rxwsxw ixqfwlrq
i = T$ R1 Dw hdfk wlph wkh dxwrpdwrq lv lq d jlyhq vwdwh t dqg lv frqwlqxdoo| hplwwlqj
wkh rxwsxw i+t,1 Wkh dxwrpdwrq uhpdlqv lq vwdwh t xqwlo lw uhfhlyhv dq lqsxw vljqdo �/
zkhq lw dvvxphv wkh vwdwh �+t> �, dqg vwduwv hplwwlqj i+�+t> �,,1 Vr/ d Prruh dxwrpdwrq
zloo eh mxvw d wulsoh D @ +T> �> i,1

Ohw 	W eh wkh vhw ri doo �qlwh vhtxhqfhv +zrugv, ryhu wkh doskdehw 	/ lqfoxglqj wkh
hpsw| zrug �> e| 	n zh ghqrwh 	W q i�j1 Wkh wudqvlwlrq ixqfwlrq � fdq eh h{whqghg wr
d ixqfwlrq � = T�	W $ T> dv iroorzv=5

�+t> �, @ t>

�+t> �z, @ �+�+t> �,> z,>

iru doo t 5 T>� 5 	> z 5 	W1

Wkh rxwsxw surgxfhg e| dq h{shulphqw h{hfxwhg rq wkh Prruh dxwrpdwrq D lq vwdwh
t zlwk lqsxw vhtxhqfh z 5 	W lv ghvfulehg e| U�+t>z,/ zkhuh U� = T � 	W �$ RW lv
Prruh*v uhvsrqvh ixqfwlrq gh�qhg dv iroorzv +vhh^;`,=

U�+t> �, @ i+t,>

U�+t> �z, @ i+t, U�+�+t> �,> z,>

iru doo t 5 T>� 5 	> z 5 	W1
5Iru euhylw| zh zloo zulwh B lqvwhdg ri 7B�

5



DPhdo| dxwrpdwrq lv d �qlwh dxwrpdwrq zlwk wkh rxwsxw ixqfwlrq � gh�qhg rq T�	
lqvwhdg ri mxvw T/ l1h1/ � = T� 	 $ R= Vr/ d Phdo| dxwrpdwrq lv d wulsoh D @ +T> �> �,1
Wkh uhvsrqvh ri wkh Phdo| dxwrpdwrq D lv wkh ixqfwlrq �� = T�	W $ RW gh�qhg e|

��+t> �, @ �>

��+t> �z, @ �+t> �, ��+�+t> �,> z,>

iru doo t 5 T>� 5 	> z 5 	W1

Ohw D @ +T> �> i, eh d Prruh dxwrpdwrq dqg frqvlghu lw dv d Phdo| dxwrpdwrq
D @ +T> �> �,/ zlwk wkh rxwsxw ixqfwlrq gh�qhg e| �+t> �, @ i+t,> iru doo t 5 T> � 5 	=
Wkhq/ wkhuh lv dq 40vkliw wudqvodwlrq ehwzhhq Prruh dqg Phdo| uhvsrqvhv ri D=

U�+t>z, @ ��+t>z�,> +4,

iru doo t 5 T>z 5 	W> � 5 	= Lqghhg/ ��+t> �, @ �+t> �, @ i+t, @ U�+t> �,> dqg dvvxplqj
wkdw wkh htxdwlrq +4, lv ydolg/ iru doo % 5 	 zh jhw=

��+t> %z�, @ �+t> %, ��+�+t> %,> z�,

@ ��+t> %, U�+�+t> %,> z,

@ U�+t> �, U�+�+t> %,> z,

@ U�+t> %z,=

6 Frpsxwdwlrqdo Frpsohphqwdulw|

Ohw D eh d Phdo| dxwrpdwrq1 Wzr vwdwhv s> t 5 T duh glvwlqjxlvkdeoh lq fdvh wkhuh h{lvwv
d zrug z 5 	W vxfk wkdw ��+t>z, 9@ ��+s>z,= Iroorzlqj ^;` zh vd| wkdw=

� Wkh dxwrpdwrq D kdv surshuw| D li hyhu| sdlu ri glvwlqfw vwdwhv t> t� 5 T lv
glvwlqjxlvkdeoh1

� Wkh dxwrpdwrq D kdv surshuw| E li iru hyhu| vwdwh t 5 T wkhuh h{lvwv d zrug
z 5 	W zklfk glvwlqjxlvkhv t iurp doo vwdwhv t� 9@ t1

� Wkh dxwrpdwrq D kdv surshuw| F li wkhuh h{lvwv d zrug z 5 	W zklfk glvwlqjxlvkhv
hyhu| glvwlqfw vwdwhv t> t�1

Lqwxlwlyho|/ D kdv surshuw| D li dq| wzr vwdwhv kdyh glvwlqfw ehkdylrxuv> D kdv
surshuw| E li iru hyhu| vwdwh t wkhuh h{lvwv d zrug ghshqglqj xsrq t zklfk glvwlqjxlvkhv
ehwzhhq t dqg doo rwkhu vwdwhv1 Ilqdoo|/ D kdv surshuw| F li wkhuh h{lvwv d zrug zklfk
joredoo| glvwlqjxlvkhv ehwzhhq dq| wzr vwdwhv1

H{dpsoh 4 Ohw D eh wkh Phdo| dxwrpdwrq zlwk T @ i4> 5> 6j/ 	 @ id> ej> dqg R @
i3> 4j/ zkrvh wudqvlwlrq dqg rxwsxw duh jlyhq e| wkh iroorzlqj wdeohv=
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� d e

4 5 6
5 4 6
6 5 6

� d e

4 4 3
5 3 4
6 4 4

Iljxuh 41

Wkhq/ D kdv D exw qrw E=

Surri1 Zh kdyh ��+4> d, @ 4 9@ 3 @ ��+5> d,/ ��+4> e, @ 3 9@ 4 @ ��+6> e, dqg
��+5> d, @ 3 9@ 4 @ ��+6> d,/ khqfh hyhu| sdlu ri glvwlqfw vwdwhv duh glvwlqjxlvkdeoh1
Wkhuhiruh D kdv surshuw| D1 Ohw z 5 	n1 Li z @ dz� zlwk z� 5 	W/ wkhq ��+6> z, @
�+6> d,��+5> z

�, @ 4��+5> z
�, @ �+4> d,��+5> z

�, @ ��+4> z,1 Li z @ ez� zlwk z� 5 	W/
wkhq ��+6> z, @ �+6> e,��+6> z

�, @ 4��+6> z
�, @ �+5> e,��+6> z

�, @ ��+5> z,1 Vr/ wkhuh
lv qr zrug z 5 	n vxfk wkdw ��+6> z, 9@ ��+4> z, dqg ��+6> z, 9@ ��+5> z,/ wkhuhiruh
wkh dxwrpdwrq D kdv qrw surshuw| E1 �

H{dpsoh 4 vkrzv d �uvw w|sh ri frpsohphqwdulw|/ surshuw| D exw qrw surshuw| E=
dq| wzr glvwlqfw vwdwhv ri wkh dxwrpdwrq fdq eh glvwlqjxlvkhg/ exw wkhuh lv dw ohdvw
rqh vwdwh zklfk fdqqrw eh glvwlqjxlvkhg iurp doo wkh rwkhuv e| dq| vlqjoh lqsxw zrug1
Phdvxuhphqw ri wkh k|srwkhvlv wkdw �wkh dxwrpdwrq lv lq vwdwh 4� pdnhv lpsrvvleoh wkh
phdvxuhphqw ri wkh k|srwkhvhv �wkh dxwrpdwrq lv lq vwdwh 5� dqg �wkh dxwrpdwrq lv
lq vwdwh 6�1 Wklv lv wkh �uvw sulqflsoh ri frpsohphqwdulw|/ FL = lw plplfv Khlvhqehuj*v
xqfhuwdlqw| +fi1 ^6`,1

H{dpsoh 5 Ohw D eh wkh Phdo| dxwrpdwrq zlwk T @ i4> 5> 6> 7j/ 	 @ id> ej> dqg R @
i3> 4j/ zkrvh wudqvlwlrq dqg rxwsxw duh jlyhq e| wkh iroorzlqj wdeohv=

� d e

4 4 4
5 4 7
6 7 5
7 6 5

� d e

4 3 3
5 3 4
6 3 4
7 4 4

Iljxuh 51

Wkhq/ D kdv E exw qrw F=

Surri1 Ohw z
�
@ e/ z

2
@ ed/ z

�
@ de dqg z

e
@ d1 Lw fdq eh hdvlo| yhul�hg wkdw

��+l>z�
, 9@ ��+m> z�

, iru doo l> m 5 T/ m 9@ l/ wkhuhiruh D kdv surshuw| E1
Ohw z 5 	n1 Li z @ dz� zlwk z� 5 	W/ wkhq ��+4> z, @ �+4> d,��+4> z

�, @
3��+4> z

�, @ �+5> d,��+4> z
�, @ ��+5> z,1 Li z @ ez� zlwk z� 5 	W/ wkhq ��+6> z, @

�+6> e,��+5> z
�, @ 4��+5> z

�, @ �+7> e,��+5> z
�, @ ��+7> z,1 Khqfh wkhuh lv qr zrug

z 5 	n zklfk joredoo| glvwlqjxlvkhv ehwzhhq hyhu| wzr glvwlqfw vwdwhv/ vr wkh dxwrpd0
wrq D kdv qrw wkh surshuw| F1 �
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H{dpsoh 5 vkrzv d vhfrqg w|sh ri frpsohphqwdulw|= surshuw| E exw qrw surshuw| F1
Dq| vwdwh ri wkh dxwrpdwrq fdq eh glvwlqjxlvkhg iurp wkh rwkhuv e| d vlqjoh lqsxw zrug/
exw wkhuh lv qr xqltxh lqsxw zrug zklfk joredoo| glvwlqjxlvkhv ehwzhhq dq| wzr glvwlqfw
vwdwhv1 Wklv lv wkh frpsohphqwdulw| sulqflsoh FLL = hdfk h{shulphqw �jhqhudwhv% d sdlu
ri glvwlqfw vwdwhv zklfk h{huflvh d pxwxdo lq xhqfh/ qdpho| wkh| fdqqrw eh vhsdudwhg e|
wkh h{shulphqw z> wklv lq xhqfh plplfv/ lq d vhqvh/ wkh vwdwh ri txdqwxp hqwdqjohphqw/
dqg pd| eh frqfhlyhg dv d wr| prgho iru wkh HSU h�hfw +vhh ^</ 44/ 45`,/ dv zhoo dv iru wkh
]rx0Zdqj0Pdqgho h�hfw ^49`1 Xqghu FLL / iru hdfk h{shulphqw z zh kdyh dw ohdvw wzr
vwdwhv t> t� +dv glvwdqw dv zh olnh, zklfk lqwhudfw yld wkh h{shulphqw z= dq| phdvxuhphqw
ri t d�hfwv t� dqg/ frqyhuvho|/ dq| phdvxuhphqw ri t� d�hfwv t1

Zh suhvhqw ehorz dq dxwrpdwrq kdylqj surshuw| F1

H{dpsoh 6 Ohw D eh wkh Phdo| dxwrpdwrq zlwk T @ i4> 5> 6j/ 	 @ id> ej> dqg R @
i3> 4j/ zkrvh wudqvlwlrq dqg rxwsxw duh jlyhq e| wkh iroorzlqj wdeohv=

� d e

4 5 6
5 4 5
6 5 6

� d e

4 4 3
5 3 4
6 4 4

Iljxuh 61

Wkhq/ D kdv F=

Surri1 Zh kdyh ��+4> ed, @ 34/ ��+5> ed, @ 43 dqg ��+6> ed, @ 44/ wkhuhiruh wkh
zrug ed joredoo| glvwlqjxlvkhv ehwzhhq dq| wzr glvwlqfw vwdwhv1 Khqfh D kdv surshuw|
F1 �

Wkh frkhuhqfh ehwzhhq wkh gh�qlwlrq ri surshuwlhv D/ E/ F iru Prruh dqg Phdo|
dxwrpdwd lv vwdwhg lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 7 Ohw D @ +T> �> i, eh d Prruh dxwrpdwrq dqg frqvlghu lw dv d Phdo|
dxwrpdwrq D� @ +T> �> �,/ zkhuh �+t> �, @ i+t,/ iru doo t 5 T> � 5 	1 Wkhq/ D kdv D
+uhvshfwlyho|/ E/ F, li dqg rqo| li D� kdv D +uhvshfwlyho|/ E/ F,1

Surri1 Lq ylhz ri +4,/ iru hyhu| vwdwhv s> t 5 T/ s dqg t duh glvwlqjxlvkdeoh lq D li
dqg rqo| li U�+s>z, 9@ U�+t>z,/ iru vrph z 5 	W li dqg rqo| li ��+s>z�, 9@ ��+t>z�,/
iru vrph z 5 	W dqg � 5 	 li dqg rqo| li s dqg t duh glvwlqjxlvkdeoh lq D*1 �

D prusklvp ehwzhhq wkh dxwrpdwd D @ +T> �> �, dqg D� @ +T�> ��> ��, lv d ixqfwlrq
k = T$ T� vxfk wkdw

k+�+t> �,, @ ��+k+t,> �,> iru doo t 5 T>� 5 	>

�+t> �, @ ��+k+t,> �,> iru doo t 5 T>� 5 	=

Wzr Phdo| dxwrpdwd D dqg D� duh lvrprusklf lq fdvh wkhuh h{lvwv d elmhfwlyh pru0
sklvp k = D $ D�1

8



Sursrvlwlrq 8 Li D dqg D� duh wzr Phdo| dxwrpdwd/ D kdv surshuw| D dqg k = D $ D�

lv d prusklvp/ wkhq k lv lqmhfwlyh1

Surri1 Vxssrvh k+t, @ k+t�, zlwk t> t� 5 T dqg t 9@ t�1 Wkhq �+t> �, @ ��+k+t,> �, @
��+k+t�,> �, @ �+t�> �, iru doo � 5 	 dqg k+�+t> �,, @ ��+k+t,> �, @ ��+k+t�,> �, @
k+�+t�> �,,/ iru doo � 5 	 dv k lv d prusklvp1

Vlqfh D kdv surshuw| D/ wkhuh h{lvwv z @ �
�
= = = �

?
5 	W vxfk wkdw ��+t>z, 9@

��+t
�> z,1 Ohw t

�
@ �+t> �

�
, dqg t�

�
@ �+t�> �

�
,1 Wkhq k+t

�
, @ k+�+t> �

�
,, @ k+�+t�> �

�
,, @

k+t�
�
,1 Lqgxfwlyho| gh�qh t

�
@ �+t

�3�> ��, dqg t�
�

@ �+t�
�3�

> �
�
,/ iru l @ 5> = = = > q1 Zh wkhq

ghgxfh wkdw

��+t>z, @ ��+t> �� = = = �?,

@ �+t> ��,��+t�> �2 = = = �?,

@ �+t> ��,�+t�> �2, = = = �+t?3�> �?,

@ �+t�> �
�
,�+t�

�
> �

2
, = = = �+t�

?3�
> �

?
,

@ ��+t
�> z,>

zklfk frqwudglfwv wkh uhodwlrq ��+t>z, 9@ ��+t
�> z,1 Wkhuhiruh t @ t�/ vr k lv lqmhfwlyh1

�

Ohppd 9 Li k lv d prusklvp ehwzhhq wkh Phdo| dxwrpdwd D @ +T> �> �, dqg D� @
+T�> ��> ��,/ wkhq wkh iroorzlqj uhodwlrq krogv iru doo t 5 T>z 5 	W=

��+t>z, @ ���+k+t,> z,=

Surri1 Wkh surri iroorzv e| lqgxfwlrq rq z1 �

Fruroodu| : Li wzr Phdo| dxwrpdwd duh lvrprusklf dqg rqh ri wkhp kdv D +E ru F,/
wkhq wkh rwkhu kdv wkh vdph surshuw|1

Surri1 Zh xvh Ohppd 9 wr vkrz wkdw li wzr vwdwhv s dqg t duh glvwlqjxlvkdeoh lq D
e| wkh lqsxw z dqg k lv wkh lvrprusklvp ehwzhhq D dqg D�/ wkhq z glvwlqjxlvkhv k+s,
dqg k+t, lq D�1 �

7 Zkhq Frpsxwdwlrqdo Frpsohphqwdulw| GlvdsshduvB

Lw lv reylrxv wkdwF lpsolhvE dqgE lpsolhvD1 D qdwxudo txhvwlrq lv= zkhq duh wkh surs0
huwlhv D/ E dqg F htxlydohqw/ l1h1/ zkhq erwk frpsxwdwlrqdo frpsohphqwdulw| sulqflsohv
glvdsshduB Zh vkdoo sduwldoo| dqvzhu wklv txhvwlrq xvlqj dq dojheudlf dssurdfk1

Ohw xv frqvlghu wkh Phdo| dxwrpdwrq D @ +T> �> �, dqg wkh rshudwruv +W
�
,
�MP

W

gh�qhg e|

W
�
= T$ T> W

�
+t, @ �+t>z,> iru doo t 5 T=

9



Vlqfh W
�
� W

�
@ W

��
/ iru doo x> y 5 	W dqg W

b
lv qhxwudo hohphqw iru wkh frpsrvlwlrq

odz/ wkh fodvv ri rshudwruv +W
�
,
�MP

W lv d �qlwh prqrlg fdoohg wkh wudqvlwlrq prqrlg ri
wkh dxwrpdwrq D1

Wkh surri ri wkh iroorzlqj uhvxow zdv jlyhq lq ^6` iru wkh fdvh ri Prruh dxwrpdwd> lw
fdq eh hdvlo| h{whqghg wr Phdo| dxwrpdwd dv zhoo1

Sursrvlwlrq ; Li wkh wudqvlwlrq prqrlg ri wkh Phdo| dxwrpdwrq D lv d jurxs/ wkhq
surshuwlhv D/ E dqg F duh htxlydohqw iru D1

Lq idfw/ iru Prruh dxwrpdwd d vwurqjhu uhvxow lv ydolg=

Wkhruhp < Li wkh wudqvlwlrq vhpljurxs +W
�
,
�MP

n ri wkh Prruh dxwrpdwrq D @ +T> �> i,
lv d jurxs/ wkhq surshuwlhv D/ E dqg F duh htxlydohqw1

Surri1 Ohw W
�
eh wkh qhxwudo hohphqw ri wkh jurxs +W

�
,
�MP

n / zlwk � 5 	n1 Wkhq iru
doo x 5 	n zh kdyh W

��
@ W

��
@ W

�
dqg wkhuh h{lvwv �x 5 	n vxfk wkdw W

�7�
@ W

7��
@ W

�
1 Li

wkh dxwrpdwrq D kdv D/ wkhq iru hdfk sdlu ri vwdwhv t
�
9@ t

2
wkhuh h{lvwv d zrug z

^�c^2
5

	n vxfk wkdw ��+t�> z^�c^2
, 9@ ��+t2> z^�c^2

,1 Zh frqfdwhqdwh doo zrugv z
^�c^2

z
^�c^2

zlwk
t
� 9@ t2 dqg zh jhw d zrug z 5 	n1 Zh vkdoo suryh wkdw ��+t�> z, 9@ ��+t2> z,/ iru doo
glvwlqfw vwdwhv t

� dqg t21
Wkhuh duh wzr fdvhv wr frqvlghu ghshqglqj rq zkhwkhu wkh htxdolw| W

�
+t�, @ W

�
+t2,

lv ydolg ru qrw1
Li W

�
+t
�
, @ W

�
+t
2
, wkhq iru doo � 5 	 zh kdyh

W
j
+t�, @ W

j�
+t�, @ W

j
+W

�
+t�,, @ W

j
+W

�
+t2,, @ W

j�
+t2, @ W

j
+t2,=

Wkhuhiruh �+t
�> �, @ �+t2> �,/ iru doo � 5 	1 Exw U�+t�> z^�c^2

, 9@ U�+t2> z^�c^2
,/ khqfh

i+t
�, 9@ i+t2,1 Wkhq reylrxvo| U�+t�> z, 9@ U�+t2> z, +ehfdxvh wkhlu �uvw ohwwhuv duh

gl�huhqw,1
Li W

�
+t
�
, 9@ W

�
+t
2
,/ ohw t�

�
@ W

�
+t
�
, dqg t�

2
@ W

�
+t
2
,1 Vlqfh t�

�
9@ t�

2
dqg D kdv D/

wkhuh h{lvwv d zrug z
^
�

�
c^
�

2

5 	n vxfk wkdw U�+t
�

�
> z

^
�

�
c^
�

2

, 9@ U�+t
�

2
> z

^
�

�
c^
�

2

,1 Ohw z @

z
�
z
^
�

�
c^
�

2

z
^
�

�
c^
�

2

z
2
/ zlwk z

�
> z

2
5 	n1 Wkh suh�{ z

�
dqg wkh vx!{ z

2
kdyh wkh vdph irup

dv z/ vlqfh wkh| duh rewdlqhg e| wkh frqfdwhqdwlrq ri vrph z
^
�
c^

�

z
^
�
c^
�

zlwk t
�
9@ t

�
1

Zh vkdoo �uvw suryh wkdw �+t
�
> z

�
, @ W

�
+t
�
, @ t�

�
dqg �+t

2
> z

�
, @ W

�
+t
2
, @ t�

2
1 Vxssrvh

wkdw z
�
@ z

^
��
c^
��
z
^
��
c^
��
= = = z

^
�
&

c^
�
&

z
^
�
&

c^
�
&

/ zkhuh t
��
9@ t

��
> = = = > t

�
&

9@ t
�
&

1 Zh kdyh

W
�^

��
c^
��
�^

��
c^
��

+t
�
, @ W

�
+t
�
, @ t�

�
>

vlqfh W
�
lv wkh qhxwudo hohphqw ri wkh jurxs +W

�
,
�MP

n 1 Dovr/

W
�
^
�2

c^
�2
�
^
�2

c^
�2

+t�
�
, @ � � � @ W

�
^
�
&

c^
�
&

�
^
�
&

c^
�
&

+t�
�
, @ W

�
+t�
�
, @ t�

�
>

vlqfh W
�
+t�
�
, @ W

�
+W

�
+t
�
,, @ W

��
+t
�
, @ W

�
+t
�
, @ t�

�
1 Wkhq �+t

�
> z

�
, @ W

��
+t
�
, @

W&

�
+t
�
, @ W &3�

�
+W

�
+t
�
,, @ W &3�

�
+t�
�
, @ t�

�
1 Lq wkh vdph pdqqhu lw iroorzv wkdw �+t

2
> z

�
, @

W
�
+t
2
, @ t�

2
1

Wkhq

U�+t�> z, @ U�+t�> z�z^
�

�
c^
�

2

z
^
�

�
c^
�

2

z
2
,

@ i+t
�
,z�

�
U�+�+t�> z�,> z^

�

�
c^
�

2

z
^
�

�
c^
�

2

z
2
,

@ i+t
�
,z�

�
U�+t

�

�
> z

^
�

�
c^
�

2

z
^
�

�
c^
�

2

z
2
,=

:



Vlploduo|/

U�+t2> z, @ i+t
2
,z�

2
U�+t

�

2
> z

^
�

�
c^
�

2

z
^
�

�
c^
�

2

z
2
,>

zlwk mi+t
�
,z�

�
m @ mi+t

2
,z�

2
m @ mz

�
m.41 Li i+t

�
,z�

�
9@ i+t

2
,z�

2
/ wkhqU�+t�> z, 9@ U�+t2> z,1

Li i+t
�
,z�

�
@ i+t

2
,z�

2
/ vlqfh U�+t

�

�
> z

^
�

�
c^
�

2

, 9@ U�+t
�

2
> z

^
�

�
c^
�

2

,/ lw iroorzv djdlq wkdw
U�+t�> z, 9@ U�+t2> z,1

Zh kdyh suryhg wkdw wkh zrug z joredoo| glvwlqjxlvkhv ehwzhhq dq| wzr glvwlqfw
vwdwhv/ wkhuhiruh P kdv surshuw| F1 �

Uhpdun1 Wkhruhp < lv vwurqjhu wkdq wkh fruuhvsrqglqj Sursrvlwlrq ; iru Prruh dx0
wrpdwd1 Lqghhg/ li wkh wudqvlwlrq prqrlg lv d jurxs/ wkhq wkh wudqvlwlrq vhpljurxs
+W

�
,
�MP

n lv dovr d jurxs/ exw wkh frqyhuvh lpsolfdwlrq idlov wr eh wuxh +vhh H{dpsoh 43,1
Li wkh wudqvlwlrq prqrlg lv d jurxs/ wkhq hyhu| rshudwru W

j
+� 5 	, lv d shupxwdwlrq

+vhh ^6`,/ vr wkhuh lv d zrug x 5 	n vxfk wkdw W
�
lv wkh lghqwlw|/ zklfk vkrzv wkdw wkh

wudqvlwlrq vhpljurxs lv dovr d jurxs1

Wkhruhp < lv qr orqjhu wuxh iru doo Phdo| dxwrpdwd/ dv wkh iroorzlqj frxqwhuh{dpsoh
vkrzv1

H{dpsoh 43 Wkh dxwrpdwrq zlwk T @ i4> 5> 6> 7j/ 	 @ id> ej dqg R @ i3> 4j/ zlwk
wudqvlwlrqv dqg rxwsxwv jlyhq e|=

� d e

4 4 6
5 6 4
6 6 4
7 4 6

� d e

4 4 3
5 3 4
6 4 4
7 4 4

Iljxuh 71

kdv d jurxs wudqvlwlrq +W
�
,
�MP

n/ exw lw kdv E dqg qrw F1

Surri1 Ohw z
�
@ e/ z

2
@ d/ z

�
@ de dqg z

e
@ ee1 Lw fdq eh hdvlo| yhul�hg wkdw

��+l>z�
, 9@ ��+m> z�

, iru doo l> m 5 T/ m 9@ l/ wkhuhiruh D kdv surshuw| E1
Ohw z 5 	n1 Li z @ dz� zlwk z� 5 	W/ wkhq ��+7> z, @ �+7> d,��+4> z

�, @
4��+4> z

�, @ �+4> d,��+4> z
�, @ ��+4> z,1 Li z @ ez� zlwk z� 5 	W/ wkhq ��+5> z, @

�+5> e,��+4> z
�, @ 4��+4> z

�, @ �+6> e,��+4> z
�, @ ��+6> z,1 Lw iroorzv wkdw wkhuh lv

qr zrug z 5 	n zklfk joredoo| glvwlqjxlvkhv ehwzhhq hyhu| wzr glvwlqfw vwdwhv/ vr wkh
dxwrpdwrq D kdv qrw F1

Krzhyhu/ W
@K

@ W
K@

@ W
K
dqg W

@@
@ W

KK
@ W

@
/ vr wkdw wkh wudqvlwlrq vhpljurxs

+W
�
,
�MP

n lv d jurxs1 �

;



8 Ghflgdelolw| ri Surshuwlhv D/ E dqg F

Lq wklv sdudjudsk zh duh jrlqj wr zrun zlwk Prruh dxwrpdwd zlwk lqlwldo dqg �qdo vwdwhv/
dv rxu pdlq dlp lv wr uhsuhvhqw surshuwlhv D/ E dqg F lq whupv ri uhjxodu odqjxdjhv1
Ohw D @ +T> �> �, eh d Phdo| dxwrpdwrq dqg ohw _ eh d v|pero zklfk grhv qrw ehorqj wr
T1 Zh frqvlghu wkh fodvv ri �qlwh ghwhuplqlvwlf dxwrpdwd +D

^
,
^M' jlyhq e|

D
^
@ +T ^ i_j>	�	> t> ��> T,>

zlwk �qdo vwdwhv T/ lqlwldo vwdwh t dqg wkh wudqvlwlrq ixqfwlrq

��+s> +�> �,, @

�
�+s> �,> li �+s> �, @ �>
_> rwkhuzlvh/

iru doo s 5 T>�> � 5 	=

H{whqglqj d uhvxow iurp ^6` lw fdq eh hdvlo| vkrzq wkdw hyhu| glvwlqfw vwdwhv s dqg
t iurp T duh glvwlqjxlvkdeoh li dqg rqo| li wkh odqjxdjhv dffhswhg e| wkh dxwrpdwd D

R

dqg D
^
duh gl�huhqw/ l1h1/ O+D

R
, 9@ O+D

^
,1

Sursrvlwlrq 44 Surshuwlhv D/ E dqg F duh dojrulwkplfdoo| ghflgdeoh iru Phdo| dx0
wrpdwd1

Surri1 Iurp wkh frqvwuxfwlrq ri dxwrpdwd +D
^
,
^M' lw iroorzv wkdw D lv wuxh li dqg

rqo| li

+O+D
^
, q O+D

R
,, ^ +O+D

R
, q O+D

^
,, 9@ >> iru doo s> t 5 T> s 9@ t>

E lv wuxh li dqg rqo| li

3CO+D
^
, q
^
R�'^

O+D
R
,

4D^3C_
R�'^

O+D
R
, q O+D

^
,

4D 9@ >> iru doo t 5 T>

dqg F lv wuxh li dqg rqo| li

_
R�'^

+O+D
^
, q O+D

R
,, ^ +O+D

R
, q O+D

^
,, 9@ >=

Vlqfh O+D
^
, lv d uhjxodu odqjxdjh iru doo t 5 T/ wkh fodvv ri uhjxodu odqjxdjhv lv forvhg

xqghu gl�huhqfh/ xqlrq dqg lqwhuvhfwlrq dqg wkh hpswlqhvv surshuw| ri d uhjxodu odqjxdjh
lv ghflgdeoh/ zh ghgxfh wkdw surshuwlhv D/ E dqg F duh dojrulwkplfdoo| ghflgdeoh1 �

<



9 Uhyhuvlelolw| dqg Frpsxwdwlrqdo Frpsohphqwdulw|

Dq rshudwlrq lv uhyhuvleoh li fdq eh xqgrqh> lw lv vlpso| ghwhuplqlvp orrnlqj edfnzdugv
lq wlph1 Frqyhqwlrqdo frpsxwhuv duh luuhyhuvleoh/ dqg frqvwdqwo| glvfdug lqirupdwlrq
derxw wkhlu vwdwhv1 Vlqfh wkh odzv ri sk|vlfv duh uhyhuvleoh dw d plfurvfrslf ohyho +d jlyhq
plfurvwdwh fdq rqo| eh uhdfkhg e| d vlqjoh sdwk, lw iroorzv wkdw luuhyhuvleoh rshudwlrqv
dqg wkh dffrpsdq|lqj surgxfwlrq ri hqwurs| duh lq sulqflsoh qrw qhfhvvdu|16 Wkh zruog*v
�uvw ixoo| dgldedwlf dqg uhyhuvleoh xqlyhuvdo frpsxwhu zdv suhvhqwhg e| Iudqn/ Ylhul/
Dpphu/ Oryh/ Pdujroxv/ Nqljkw ^43/ 8`= zrunlqj zlwk d sdudooho dqg vfdodeoh dufklwhfwxuh/
ljqrulqj ohdndjh dqg srzhu vxsso| lvvxhv rqh fdq vkrz wkdw wkh pdfklqh fdq shuirup
dq| frpsxwdwlrq xvlqj duelwudulo| olwwoh hqhuj| shu rshudwlrq1

Dv d frqvhtxhqfh wkh ohvvrq wdxjkw e| txdqwxp phfkdqlfv lv uhlqirufhg= zh kdyh wr
uhvwulfw rxuvhoyhv wr rqh0wr0rqh frpsxwdwlrqdo rshudwlrqv dqg h{foxgh rqh0wr0pdq| rqhv
+h1j1/ frs|lqj,1 Iroorzlqj Vyr}lo ^48` zh duh jrlqj wr eh lqwhuhvwhg lq Phdo| dxwrpdwdD @
+T> �> �, iru zklfk wkh ixqfwlrq � = T�	$ T�R gh�qhg e| �+t> �, @ +�+t> �,> �+t> �,,
lv elmhfwlyh17 Wklv lv Vyr}lo*v gh�qlwlrq ri �uhyhuvlelolw|� iru Phdo| dxwrpdwd1

Iluvw qrwlfh wkdw wkhuh h{lvw +p �q,$ uhyhuvleoh Phdo| dxwrpdwd zlwk q vwdwhv zrunlqj
rq dq doskdehw zlwk p v|perov1 Krzhyhu/ lw pd| eh wkh fdvh wkdw iru vrph sdlu 	> T
qr Prruh dxwrpdwrq +T> �> i, lv Vyr}lo uhyhuvleoh1

Sursrvlwlrq 45 D qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri d Vyr}lo uh0
yhuvleoh Prruh dxwrpdwrq lv wkdw wkh dxwrpdwrq kdv dq hyhq qxpehu ri vwdwhv1

Surri1 Iru vlpsolflw| dvvxph wkdw 	 @ id> ej> R @ i3> 4j1 Li T @ i4> 5> = = = > 5nj/
wkhq wkh Prruh dxwrpdwrq fruuhvsrqglqj wr wkh ixqfwlrq � gh�qhg e| �+4> d, @ +4> 3,/
�+5> d, @ +5> 3,> = = = >�+n> d, @ +n> 3,> �+n . 4> d, @ +4> 4,> = = = >�+5n> d, @ +n> 4,> �+4> e, @
+n . 4> 3,> = = = >�+n> e, @ +5n> 3,>�+n . 4> e, @ +n . 4> 4,> = = = >�+5n> e, @ +5n> 4, lv Vyr}lo
uhyhuvleoh1

Frqyhuvho|/ li d Prruh dxwrpdwrq +T> �> i, lv Vyr}lo uhyhuvleoh dqg &+T, @ 5n . 4/
wkhq &+�+T � 	,, ? &+T � 	, zklfk vkrzv wkdw � lv qrw elmhfwlyh1 Lqghhg/ wdnh
T
f @ it 5 T m i+t, @ 3j dqg qrwlfh wkdw pd{i&+Tf,>&+T qTf,j � n.41 Dvvxph wkdw

&+T
f
, � n.41 Wkh uhvwulfwlrq ri � wr T

f
�	 surgxfhv dozd|v sdluv +s> 3,1 Frqvhtxhqwo|/

&�+T
f
�	, � 5n.5/ dqg i�+t> �, m t 5 T

f
> � 5 	j � i+s> 3, m s 5 Tj1 Zh kdyh uhdfkhg

d frqwudglfwlrq/ dv wkh vhw lq wkh ohiw0kdqg vlgh kdv dw ohdvw 5n.5 hohphqwv zkloh wkh vhw
rq wkh uljkw0kdqg vlgh kdv 5n . 4 hohphqwv1 �

Zkdw lv wkh uhodwlrq ehwzhhq Vyr}lo uhyhuvlelolw| dqg frpsxwdwlrqdo frpsohphqwdulw|
sulqflsohv FL/ FLL B Vyr}lo*v dqdo|vlv lq ^48` vxjjhvwv wkh iroorzlqj frqmhfwxuh= qr Phdo|
dxwrpdwrq vdwlvi|lqj FL ru FLL lv Vyr}lo uhyhuvleoh1 Xvlqj Pdwkhpdwlfd 613 +^4:`, zh kdyh
whvwhg wklv frqmhfwxuh iru Phdo| dxwrpdwd gh�qhg rq d elqdu| doskdehw 	 dqg kdylqj
6 dqg 7 vwdwhv> zh dovr shuiruphg udqgrp whvwv iru dxwrpdwd zlwk 8 dqg 9 vwdwhv1 Doo
wkhvh h{shulphqwv frq�uphg rxu frqmhfwxuh1

6Nduo Vyr}lo/ lq dq hpdlo vhqw wr F1V1 Fdoxgh rq 5< Dsulo 4<<;/ frpphqwv= �Lq dq xqlirupo| uhyhuvleoh
hqylurqphqw +dovr wkh phdvxuhphqw dssdudwxv lv uhyhuvleoh,/ p| vxvslflrq lv wkdw wkhuh lv qr vxfk �iuhh
oxqfk� vfhqdulr= rqh kdv wr ghflgh hlwkhu wr vzdoorz wkh phdvxuhphqw uhvxow +h{foxvlyh, ru ghyhors wkh
dxwrpdwrq edfnzdug1 Exw L kdyh qr surri ri wkdw1�

7Wklv fdq eh uhdolvhg lq fdvh P dqg � kdyh wkh vdph qxpehu ri hohphqwv1 Li zh uhtxluh rqo| lqmhfwlylw|
zh qhhg wr pdnh vxuh wkdw � kdv dw ohdvw dv pdq| hohphqwv dv P1

43



Dfnqrzohgjhphqw

Zh wkdqn U1 Qlfrohvfx dqg N1 Vyr}lo iru frpphqwv dqg eleolrjudsklfdo vxjjhvwlrqv1

Uhihuhqfhv

^4` Exnv/ H1/ Vfkxvwhu/ U1/ Khleoxp/ P1/ Pdkdox/ G1/ dqg Xpdqvn|/ Y1 Gh0
skdvlqj lq hohfwurq lqwhuihuhqfh e| d czklfk0sdwk* ghwhfwru1 Qdwxuh 6<4 +4<<;,/
;:4�;:71

^5` Fdoxgh/ F1/ Fdoxgh/ H1/ dqg Nkrxvvdlqry/ E1 Ghwhuplqlvwlf dxwrpdwd= vlp0
xodwlrq/ xqlyhuvdolw| dqg plqlpdolw|1 Dqqdov ri Sxuh dqg Dssolhg Orjlf <3/ 406
+4<<:,/ 596�5:91

^6` Fdoxgh/ F1/ Fdoxgh/ H1/ Vyr}lo/ N1/ dqg \x/ V1 Sk|vlfdo yhuvxv frpsxwdwlrqdo
frpsohphqwdulw| L1 Lqwhuqdwlrqdo Mrxuqdo ri Wkhruhwlfdo Sk|vlfv 69 +4<<:,/ 47<8�
48561

^7` Fdoxgh/ F1 V1/ Fdvwl/ M1/ dqg Glqqhhq/ P1 M1 Xqfrqyhqwlrqdo Phwkrgv ri
Frpsxwdwlrq1 Vsulqjhu/ Vlqjdsruh/ 4<<;1

^8` Fdoxgh/ F1 V1/ dqg Fdvwl/ M1 O1 Sdudooho wklqnlqj1 Qdwxuh 6<5 +4<<;,/ 87<�8841

^9` Fdoxgh/ F1 V1/ dqg Olssrqhq/ P1 Frpsxwdwlrqdo frpsohphqwdulw| dqg vr�f
vkliwv1 Lq Wkhru| ri Frpsxwlqj <;/ Surfhhglqjv ri wkh 7wk Dxvwudodvldq Wkhru| V|p0
srvlxp/ FDWV*<; +Shuwk/ 4<<;,/ [1 Olq/ Hg1/ Vsulqjhu/ Vlqjdsruh/ 4<<;/ ss1 5::�
5<31

^:` Fdoxgh/ H1/ dqg Olssrqhq/ P1 Plqlpdo ghwhuplqlvwlf lqfrpsohwh dxwrpdwd1 M1
XFV 44 +4<<:,/ 44;3�44<61

^;` Fdoxgh/ H1/ dqg Olssrqhq/ P1 Ghwhuplqlvwlf lqfrpsohwh dxwrpdwd= Vlpxodwlrq/
xqlyhuvdolw| dqg frpsohphqwdulw|1 LqXqfrqyhqwlrqdo Prghov ri Frpsxwdwlrq +Dxfn0
odqg/ 4<<;,/ F1 V1 Fdoxgh/ M1 Fdvwl/ dqg P1 M1 Glqqhhq/ Hgv1/ Vsulqjhu/ Vlqjdsruh/
4<<;/ ss1 464�47<1

^<` Hlqvwhlq/ D1/ Srgrovn|/ E1/ dqg Urvhq/ Q1 Fdq txdqwxp0phfkdqlfdo gh0
vfulswlrq ri sk|vlfdo uhdolw| eh frqvlghuhg frpsohwhB Sk|vlfdo Uhylhz 7: +4<68,/
:::�:;31

^43` Iudqn/ P1/ Ylhul/ F1/ Dpphu/ P1 D1/ Oryh/ Q1/ Pdujroxv/ Q1 K1/ Nqljkw/
W1 I1 D vfdodeoh uhyhuvleoh frpsxwhu lq vlolfrq1 Lq Xqfrqyhqwlrqdo Prghov ri
Frpsxwdwlrq +Dxfnodqg/ 4<<;,/ F1 V1 Fdoxgh/ M1 Fdvwl/ dqg P1 M1 Glqqhhq/ Hgv1/
Vsulqjhu/ Vlqjdsruh/ 4<<;/ ss1 4;6�5331

^44` Shqurvh/ U1 Wkh Hpshuru*v Qhz Plqg= Frqfhuqlqj Frpsxwhuv/ Plqgv/ dqg wkh
Odzv ri Sk|vlfv1 R{irug Xqlyhuvlw| Suhvv/ R{irug/ 4<<31

^45` Shqurvh/ U1 Vkdgrzv ri wkh Plqgv/ D Vhdufk iru wkh Plvvlqj Vflhqfh ri Frq0
vflrxvqhvv1 R{irug Xqlyhuvlw| Suhvv/ R{irug/ 4<<71
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^46` Vfkdoohu/ P1/ dqg Vyr}lo/ N1 Dxwrpdwrq sduwlwlrq orjlf yhuvxv txdqwxp orjlf1
Lqwhuqdwlrqdo Mrxuqdo ri Wkhruhwlfdo Sk|vlfv 67/ ; +Dxjxvw 4<<8,/ 4:74�4:831

^47` Vyr}lo/ N1 Udqgrpqhvv ) Xqghflgdelolw| lq Sk|vlfv1 Zruog Vflhqwl�f/ Vlqjdsruh/
4<<61

^48` Vyr}lo/ N1 Wkh Fkxufk0Wxulqj Wkhvlv dv d jxlglqj sulqflsoh1 Lq Xqfrqyhqwlrqdo
Prghov ri Frpsxwdwlrq +Dxfnodqg/ 4<<;,/ F1 V1 Fdoxgh/ M1 Fdvwl/ dqg P1 M1 Glqqhhq/
Hgv1/ Vsulqjhu/ Vlqjdsruh/ 4<<;/ ss1 6:4�6;81

^49` Zdqj/ O1 M1/ ]rx/ [1 \1/ dqg Pdqgho/ O1 Lqgxfhg frkhuhqfh zlwkrxw lqgxfhg
hplvvlrq1 Sk|vlfdo Uhylhz D77 +4<<4,/ 7947�79551

^4:` Zroiudp/ V1 Pdwkhpdwlfd/ D V|vwhp iru Grlqj Pdwkhpdwlfv e| Frpsxwhu/ wklug
hglwlrq/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/ 4<<91
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