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Abstract

Martin-Lo6f defined infinite random sequences over a finite alphabet via randomness
tests which describe sets having measure zero in a constructive sense. In this paper
this concept is generalized to separable topological spaces with a measure, following a
suggestion of Zvonkin and Levin. After studying basic results and constructions for such
randomness spaces a general invariance result is proved which gives conditions under
which a function between randomness spaces preserves randomness. This corrects and
extends a result by Schnorr. Calude and Jiirgensen proved that the randomness notion
for real numbers obtained by considering their b-ary representations is independent
from the base b. We use our invariance result to show that this notion is identical
with the notion which one obtains by viewing the real number space directly as a
randomness space. Furthermore, arithmetic properties of random real numbers are
derived, for example that every computable analytic function preserves randomness.
Finally, by considering the power set of the natural numbers with its natural topology
as a randomness space, we introduce a new notion of a random set of numbers. It
is different from the usual one which is defined via randomness of the characteristic
function, but it can also be characterized in terms of random sequences. Surprisingly,
it turns out that there are infinite co-r.e. random sets.

1 Introduction

Random infinite binary sequences have first been introduced by von Mises [27]. His motiva-
tion was to lay a foundation for probability theory. He considered sequences as random and
called them “Kollektive” if the digits 0 and 1 appear with their expected limiting frequency
not only in the sequence but also in any subsequence which could be obtained by applying
certain “admissible place selection rules”. His approach received a severe blow when Ville
[26] showed that there exists a Kollektiv which does not satisfy the law of the iterated
logarithm, which a random sequence should certainly satisfy.
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A second approach is Martin-Lof’s [18] definition of random sequences via typicalness.
It is based on the idea that a sequence is typical or random, if it does not lie in any set which
is in a constructive sense of measure 0. This idea is formalized by considering randomness
tests, which are decreasing recursive sequences (Up,), of open sets U, whose measure tends
to 0 with a prescribed convergence rate. The constructive set of measure 0 then consists of
the intersection (,, Uy.

Another approach for defining random sequences is based on the idea to consider the
program-size complexity of its finite prefixes, defined via universal Turing machines. This
idea has been proposed independently by Kolmogorov [13] and Chaitin [8, 9] in different
versions (see also Solomonoff [23]) and further developed by Levin, Schnorr and others. It
leads to the same notion of random infinite sequences as the second approach.

While the first and the third approach for defining randomness work naturally only for
sequences, Martin-Lof’s approach can be extended to much more general spaces which al-
low the formulation of recursive sequences of open sets with fast decreasing measure. This
was suggested already by Zvonkin and Levin [31]. We follow this idea and provide rigorous
definitions of randomness spaces in Section 3. We prove the existence of a universal random-
ness test under rather weak conditions, and consider various basic properties of the resulting
randomness notion. It should be mentioned that this approach allows for example the in-
troduction of random real numbers without referring to random sequences. Furthermore
some examples of randomness spaces and random elements are given. In Section 4 we ask
under which conditions a function between randomness spaces preserves randomness. Our
main invariance result gives sufficient conditions and corrects and extends a corresponding
result by Schnorr [21]. In the following section we concentrate on the randomness space of
real numbers. The invariance result is used to show that the randomness notion introduced
directly on the real numbers is identical with the randomness notion for real numbers in-
troduced via randomness of the b-ary representation of a number. This also gives a new
proof of the result by Calude and Jirgensen [7] that randomness of a real number defined
via randomness of its b-ary representation does not depend on the base b. Furthermore
we consider real vectors and sequences. The second main result in this section states that
every computable analytic function preserves randomness. In the last section we consider
another randomness space: the power set of the natural numbers, endowed with its natural
topology as a complete partial order. This point of view leads to a new and interesting
notion of randomness for sets of natural numbers, which is different from the usual one
defined via randomness of characteristic functions. The first main result of the section is
a characterization of randomness for sets in terms of usual random sequences. The second
main result is a theorem which implies that there are infinite random co-r.e. sets.

2 Notation

The power set {A | A C X} of all subsets of a set X is denoted by 2%. By f:C X — Y
we mean a (partial or total) function f with domain dom f C X and range rangef C Y.
The notation f : X — Y indicates that the function is total, i.e. dom f = X. For x € X we
write f(z) | if z € dom f and f(z) T or f(z) =1 if z & dom f. We denote the set of natural
numbers by IN = {0,1,2,...}. A partial recursive function is a function f :C IN — IN
which is computable in the usual sense. It is also called total recursive if additionally



dom f = IN. A sequence is a mapping p : IN — X to some set X and usually written in
the form (pp)new or just (pn)n. The infinite product of X is the set of all sequences of
elements in X, denoted by X := {p | p: N — X}. For any k¥ > 0 the finite product
Xk .= {w|w:{l,...,k} = X} is the set of all vectors w = w(1)w(2)...w(k) over X of
length k. The empty word, the only element of X°, is denoted by «.

We use the standard bijection (,) : IN*> — IN defined by (i,j) = (i + j)(i +j +
1) 4+ j. Higher tupling functions are defined recursively by (n) := n, (ni,n2,...,ngr1) 1=
((n1,...nk),nky1). The inverses wF are defined by (m¥n,...,7F¥n) = n. We also use the
standard bijective numbering D : IN — {E C IN | E is finite} of the set of all finite subset
of IN, defined by D~}(E) := 33{2% | i € E}. A topology on a set X is a class 7 of subsets of
X which contains the empty set () and the full set X as elements and which is closed under
finite intersection and under arbitrary union (if 3 C 7 then Uy A = U{A | A € B} € 7).
The elements of a topology are called open sets. A base of a topology 7 is a subset 8 C 7
such that any open set is the union of the elements in a subset of 8. A subbase of a topology
T is a subset 8 C 7 such that any open set is the union of finite intersections of elements of (3.
The o-algebra generated by a class C of subsets of a set X is the smallest class B of subsets of
X which contains C, is closed under complement (if A € B then also X \ A € B) and closed
under countable union (if (A4,), is a sequence of elements in B then also o>, A, € B). A
measure on a o-algebra B is a mapping p: B — {z € R | x > 0} U {oo} with u(0) = 0
and p(Unzg 4n) = >opeo #(Ap) for any sequence (A,)new of pairwise disjoint sets in B. A
measure p on B is called o—finite if there is a sequence (A,), of sets in B with u(4,) < oo
for each n whose union is the full space: X = 52y A,. It is called finite if p(X) < oo and
it is called a probability measure if u(X) = 1. For more details on topology and measure
the reader is referred to any standard textbook.

3 Randomness Spaces

Zvonkin and Levin [31], pp. 110-111, observed that Martin-Lof’s [18] definition of ran-
domness tests and random elements can easily be generalized from the space of infinite
sequences over a finite alphabet to any separable topological space with a given numbering
of a base and with a measure. In this section we provide the necessary definitions and prove
elementary results including the existence of a universal randomness test on a randomness
space if its measure satisfies a weak effectivity condition. We construct finite products of
randomness spaces with o—finite measures and infinite products of randomness spaces with
probability measures. We study randomness on these product spaces. Several examples of
randomness spaces and random elements are given.

Definition 3.1 A randomness space is a triple (X, B, u), where X is a topological space,
B :IN — 2% is a total numbering of a subbase of the topology of X, and p is a measure
defined on the o-algebra generated by the topology of X (Notation: B; := B(i)).

Random points of a randomness space are defined via randomness tests. Before we
define them we introduce the numbering B’ of a base, derived from a numbering B of a
subbase, and define and discuss computable sequences of open sets.

Definition 3.2 Let X be a topological space and (U,), be a sequence of open subsets of
X.



1. A sequence (Vj,), of open subsets of X is called U-computable, iff there is an r.e.
subset A C IN such that Vi, = U, 4yca Ui for all n € IN.

2. We define a sequence (U)), of open sets, called the sequence derived from U, by
Ui :=U'(i) := Njep, Uj, for all i € IN.

3. We say that U satisfies the intersection property, iff there is an r.e. set A C IN with

U;NU; = J{Ux | (i,4,k) € A} for all 7, j.

The standard numbering D of the set of all finite subsets of IN has been defined in
Section 2. We obtain especially Uy = (;ep, Uj = NjepU; = X for any sequence (Uy)n
of open sets. If B is a total numbering of a subbase of the topology, then B’ is a total
numbering of a base. In general, we will deal mostly with B’-computable sequences of open
sets. In the following lemma we collect several useful facts about computable sequences of
open sets. We omit the proofs.

Lemma 3.3 Let X be a topological space and (Up)n, (Vp)n, and (Ty,), be sequences of open
subsets of X.

1. If (Un)n ts V—computable and (V) is T -computable, then (Up)y is T -computable.
(Up)n is U'—computable.
U satisfies the intersection property, iff the sequence (U),)y, is U-computable.

U’ satisfies the intersection property.

Svo

If V satisfies the intersection property, then the following statements are equivalent:

(a)
(b)
(c)
(d)

The next definition generalizes Martin-Lof’s [18] definition of random sequences to
points from arbitrary randomness spaces.

n)n 18 V—computable.

Un)
Un)n is V'—computable.
U} )n s V—computable.

(
(
(
(

U} )n is V'—computable.

Definition 3.4 Let (X, B, u) be a randomness space.

1. A randomness test on X is a B'-computable sequence (Up,),, of open sets with u(Up,) <
27" for all n € IN.

2. An element z € X is called non-random, iff x € ,,cy Up for some randomness test
(Up)n on X. It is called random, iff it is not non-random.

In the following examples of randomness spaces the numberings B of subbases satisfy the
intersection property. By Lemma 3.3 in this case a sequence (U, ), of open subsets of X is
a randomness test iff it is B—computable and p(Uy) < 27" for all n.



Examples 3.5 1. (see Calude, Hertling, Jiirgensen, Weihrauch [4]) The simplest ex-
amples of randomness spaces are spaces (2, B, y1) where ¥ = {sg,..., s} is a finite,
non-empty set, the numbering B is given by Bz = {s;} for i < k and B; := X for
i >k, and the measure y is given by u({s;}) = 3 +1 Notice that this is a probability
measure. Every element of ¥ is random because the measure of any non-empty open
set is at least

k+1

2. The original randomness spaces are the spaces (X, B, ) of infinite sequences over a
finite alphabet ¥ with at least two elements (Martin-Lof [18]). The numbering B of
a subbase (in fact a base) of the topology is given by B; = v(i)X = {p € £ | v(i)
is a prefix of p}, where v : IN — £* is the length-lexicographical bijection between IN
and the set ¥* of finite words over ¥. The measure p is the product measure of the
measure in the first example, i.e. given by p(wX®) = |S| 1/ for w € £*. A sequence
p € ¥¥ is called computable, iff there is a computable function f : IN — IN such
that p(i) = sy;) (where ¥ = {so,...,s1}). Let p be computable. We claim that
p is non-random. Indeed, the sequence (U,), of sets U, := p(0)...p(n — 1)X¥ is a
randomness test with p € M, Un because u(Up) = |Z]7" < 27" and Up = Upy, ipea Bi
where A is the recursive set A := {(n,i) | v(i) = p(0)...p(n — 1)}).

3. For the real numbers IR we consider the randomness space (IR, B, \), where \ is the
usual Lebesgue measure and B is the numbering of a base of the real line topology
defined by B(; jy := {z € R | |z — vp(i)] < 277}. Here vp : IN — ID is the total
numbering of the dyadic numbers

D:={zecR|(FjkecN) z=(—j) 2%

defined by vip (i, j, k) := (i — j)/2¥. When we refer to random real numbers we mean
random elements of this randomness space. A real number z is computable, iff the
set Cp := {i | © € B;} is r.e., see Weihrauch [28]. Let € IR be computable.
Define A := {(n,i) | i € Oy, A(B;) < 27" '} and U, = Upniyea Bi- Then (Uyp), is a
randomness test with {z} = M,cn Un. Therefore, every computable real number is
non-random.

4. For the unit interval [0, 1] we consider the randomness space ([0,1], B, \), where B; :=
B;N[0,1] and X denotes the restriction of the Lebesgue measure to the unit interval.
Later we shall prove that an element of the unit interval is a random element of the
randomness space ([0,1], B, 5\) if and only if it is a random element of the randomness
space (IR, B, \).

Our definitions of a randomness space and a randomness test can be specialized or
modified in several ways by further conditions:
(B) B is a numbering of a base of the space X.
IP) B has the intersection property.
ZL) There exists an r.e. set A such that for all i, B; = U{Bx | (i, k) € A, k > i}.
CB) (Up)n is B-computable (instead of B’ computable).
D) Up+1 C U, for all n € IN.
CZL) U, = U{B; | (i) > n} for some total computable function f : IN — IN.

(
(
(
(
(



Condition (B), (IP) and (ZL) restrict the class of randomness spaces, and Conditions
(CB), (D), and (CZL) restrict the set of randomness tests and non-random elements. In our
case, Condition (D) does not restrict the set of non—random elements, i.e. we may assume
w.lo.g. Upy1 CU, for all n € IN:

Proposition 3.6 If (V,,), is a randomness test, then (Uy), with U, := Ni<n Vi s a ran-
domness test with Up1 C Uy for all n and Noeo Un = Nozg Va.

Proof. We have to show only that the sequence (Uy), is B'-computable. If A is an r.e. set
with Vi, = Uy syca Bis then A := {(n,) | (Jio,%1,...,in) (j,i;) € Afor j=0,1,...,n, and
D; = Uj—o D;;} is an r.e. set with U, = U<n iyed B;. O

Obviously, (IP) implies (B). For modelling randomness, (CB) is not very meaningful
without (B). Under (IP + CB), (D) can be assumed without loss of generality. Zvonkin
and Levin [31] consider (B + ZL + CZL). It is clear that (CZL) implies (CB + D). Does
(B + ZL + CB + D) imply (CZL)? Zvonkin’s and Levin’s [31, p. 110-111] outline does
not consider this question. It does also not show in which way the somewhat technically
looking assumption (ZL) can be applied to show their invariance proposition 4.2 (c.f. our
Proposition 3.8).

In all of the examples of randomness spaces (X, B,u) considered in this paper the
numberings B of subbases satisfy the intersection property (IP). We remind the reader of
the fact that in this case a sequence (U,), of open subsets of X is a randomness test iff it
is B—computable (this is condition (CB)) and u(U,) < 27" for all n.

In the next section we shall consider randomness preserving mappings between ran-
domness spaces. Here we note that replacing a numbering of a subbase by an “equivalent”
numbering of a subbase does not affect the notion of randomness for points in the considered
space.

Definition 3.7 Let X be a topological space and let (By,), and (Cy), be two sequences
of open subsets of X. We say that B is b-reducible to C, iff the sequence (Bj), is C'-
computable. B and C' are called b-equivalent, iff B is b-reducible to C' and C' is b-reducible
to B.

From Lemma 3.3 one deduces immediately the following

Proposition 3.8 Let (X, B,u) be a randomness space and C be a total numbering of a
subbase of the topology which is b—equivalent to B. Then a sequence of open subsets of X
is a randomness test on (X, B, u), iff it is a randomness test on (X,C,pu). Consequently,
an element of X is random in (X, B, u), if and only if it is random in (X,C, pn).

In their context (B + ZL + CZL), Zvonkin and Levin [31, Proposition 4.2] already state
(without proof) that equivalent basis numberings induce the same randomness concepts.

It is remarkable that the randomness space (X, B, u) from Example 3.5.2 has a uni-
versal randomness test (Martin-Lof [18]), i.e. a randomness test (U, ), such that for each
randomness test (V},),, there exists a constant ¢ € IN with V,,. C U, for all n. We generalize
the original definition as follows:



Definition 3.9 A randomness test (U,), on a randomness space (X, B, u) is called uni-
versal, iff for any randomness test (V,), on (X, B,u) there is an increasing, computable
function 7 : IN — IN with V() C Uy, for all n.

If (U )y is a universal randomness test, then the set (o2, U, consists exactly of all non—
random elements of the space. Any randomness space whose measure satisfies a certain weak
effectivity condition possesses a universal randomness test.

Definition 3.10 We call a measure p of a randomness space (X, B, ) weakly bounded, iff
there are an increasing computable function d : IN — IN and an r.e. set Z with

p(B}, U...UB) <27 = (k (ir,... it),n) € Z=>p(Bj, U...UB]) <27"
for all k,i1,...,%%,n € IN.

Theorem 3.11 On every randomness space (X, B, ) with weakly bounded measure there
exists a universal randomness test.

Proof. First we produce an effective list of randomness tests on (X, B, u) wich contains all
randomness tests (Sy), satisfying u(S,) < 274" for all n. Then the universal test will be
constructed by a diagonal argument.

Let (Wg)rew be a standard numbering of all r.e. subsets of IN (compare Rogers [20],
Weihrauch [28]). For each k € IN let (Vj, ) be the k-th computable sequence of open sets,
defined by Vi p := U{B;] | (n,i) € Wi}. Since {(n,i,k) | (n,i) € Wi} is r.e., there is a
computable function f :C IN®* — IN such that f(k,n,j) | for all j < 4, if f(k,n,i) |, and
{i ]| (n,i) € W} = {f(k,n,l) | f(k,n,I) |}. Intuitively, f(k,n,.) enumerates Vi ,. We cut
the sequences (Vj )y off in order to obtain randomness tests. The function g :C N3 — N,
defined by

_ ) fle,n,0) if f(k,n,0) | and (I +1,(f(k,n,0),..., f(k,n,0)),n) € Z
gk, 1) = { 0 otherwise,

is computable, because Z is r.e. For each k¥ € IN define (T} ), by

Ty = U{le | (31) g(k,n,l) =1i}.

Since by definition (I+1, (g(k,n,0),...,9(k,n,1)),n) € Z if g(k,n,l) |, we obtain (T} ,) <

27", Since the function g is computable, the sequence (T} ), is a randomness test for each

k. On the other hand, let (Sy), be a randomness test such that u(S,) < 274" for all n.

Then (Sp)n = (Vin)n for some k. By the assumption on Z we have g(k,n,l) = f(k,n,l) for

all n,l, hence (Tx n)n = (Vi n)n = (Sp)n. That means, such a test (Sy), remains unchanged.
Define Uy, := U2 Tk,n+k+1 for all n. Then

(o) (o)
w(UR) <30 (Thpirgn) < D27 FHFHD — 97,
k=0 k=0

Furthermore,
Un = |{Bi| Gkl € N) g(k,n +k+1,1) =},

7



hence (Up)y, is B'-computable. Therefore, (U,), is a randomness test. Let (S,), be an
arbitrary randomness test. Since u(Sgp)) < 9—d(n) (S4(n))n is a randomness test with
(Sam))n = (Vin)n = (Tkn)n for some k. With r(n) := d(n + k + 1) we obtain:

Sr(n) = Sd(n-i—k-i—l) = Tk,n+k+1 CU,.
We conclude that (Up), is a universal randomness test. a

If the numbering B satisfies the intersection property we can weaken the condition on
the measure pu slightly. The following result can be proved by substituting B for B’ in the
last proof.

Proposition 3.12 Let (X, B,u) be a randomness space whose numbering B satisfies the
intersection property and whose measure p satisfies the following property: there are an
increasing computable function d : IN — IN and an r.e. set Z with

@(Biy U...UBy) <274 — (k (iy,...,ix),n) € Z = p(B;y U...UB; ) < 27"
for all k,iq,...,ix,n € IN. Then there exists a universal randomness test on X.

Zvonkin and Levin [31, Proposition 4.1] stated (without proof) that in the framework
(B + ZL + CZL) and under the assumption of an effectivity condition for u, which is
stronger than the above one there exists a universal randomness test. It is the following
condition: the function (k, (i1,...,ik)) — p(B; U ... U B;, ) mapping natural numbers
to real numbers is a computable function in the usual sense, which means that the set
{(k, (i1, ..., ix),m,n) | vb(M) < p(B;; U...U By, ) < vp(n)} is re. Considerations in
Weihrauch [30] strongly suggest that (under Condition (B)) the property

“{(k, (t1,...,i),m) | vp(m) < pu(B;; U...UBy,)} isre.”

is the canonical computability axiom for randomness spaces in general (Zvonkin and Levin
[31], Li and Vitanyi [17], and others call measures with this property “semicomputable”.)
Every measure satisfying the above Zvonkin/Levin—condition has this property and satisfies
the condition formulated in Proposition 3.12.

We can draw simple conclusions about the set of random elements. In a measure theo-
retical sense it is large, but topologically it is small if the space has a universal randomness
test and the set of non-random elements is a dense subset of X. A subset Y of a topological
space X is called dense in X if every open subset of X contains an element of Y. It is called
nowhere dense if its closure does not contain an open set. It is called meager if it is the
union of countably many nowhere dense sets.

Proposition 3.13 Let (X, B, u) be a randomness space.
1. The set of random elements in X has p-measure pu(X).

2. The set of random elements is meager, if the space X has a universal randomness test
and its set of non—random elements is dense in X.



Proof. (1) There are only countable many randomness tests on (X, B, u). Let
(U, (U (O,

be a list of them. Each set (1, UT(Lk) has p-measure 0. Hence the union of these sets has
measure 0 as well. The set of random elements is the complement of their union and, thus,
has measure p(X).

(2) Assume that there is a universal randomness test (U,), and that the set of non—
random elements is dense in X. Then each of the sets X \ U, is closed and nowhere dense.
The set of random elements is the union U, (X \ Un). O

Next, we construct finite products of randomness spaces with o—finite measures and
countable products of randomness spaces with probability measures.

Let (X© BO 4,0y (x® M M) . (xM) BM 1) for some n € IN be a finite
list of randomness spaces with o—finite measures x(¥). The product X(©) x ... x X(® bears
the product topology with the product numbering B©) x .. x B of a subbase defined by

(BO x ... x B™)(ig,...,in) := B x ... x B™.
Let 1(® x ... x u(® be the usual product measure on X x ... x X®) It is well-defined
and o-finite since we assume that all measures yu(*) are o—finite. The randomness space

TLX®, B®, 10 = (XO . XM, BO | x BO u® s )

is called the product randomness space of the spaces (X(© B ,O)  (x(M) B®) 4, (n)
We write (X", B", u™) for the product of n > 1 copies of a randomness space (X, B, 1) with
o—finite measure u.

Now let ((X*), B®) (%)) be a sequence of randomness spaces with probability mea-
sures, i.e. u¥)(X(*)) = 1 for all & € IN. The infinite product [[2, X®*) = {z : N —
Uken X®) | 2 € X®) for all k} of all sequences (z1)gen with 2 € X(*) bears the well-
known product topology. A numbering []32, B®) of a subbase of the topology is defined
by

o0

(L B m oo} = T] B < T x®
k=0

k=0 k=n+1
={z:N— |JX® |, eBY for 0 <k <nandaeXx® for all k}
keIN

The infinite product measure [J3,u® on [[, X*) is well-defined and a probability
measure since all ,u(k) are assumed to be probability measures. The randomness space

T (X%, B®), u®) — (] X%, T] 8%, T u®)
k=0 k=0 k=0 k=0

is called the product randomness space of the spaces (X(k),B(k),,u(k)). If all the spaces
(X®) B®) (k) are identical and equal to (X, B, u) we write (X*, B¥, u) for the infinite
product.



Remark 3.14 The numberings B(®) x...x B(™ and [[%2, B(*) of subbases are numberings
of bases if the B(¥) are numberings of bases. The numbering B(®) x ... x B(" satisfies the
intersection property if the B(*) are numberings of bases satisfying the intersection property.
The numbering [[72, B¥) gsatisfies the intersection property if the B*) uniformly satisfy
the intersection property, i.e. if there is an r.e. set A C IN with Blgk) N B](-k) = U{Bl(k) |
(k,i,7,l) € A} for all k,i,j € IN.

By the following theorem certain projections of random vectors are random vectors. In
particular, each component of a finite or infinite random vector is random.

Theorem 3.15 1. Let [[R_o(X®), B®) u(*)) be a product of randomness spaces with
finite measures. Let (ig,...,i) be a vector of pairwise different indices i; with 0 <
i; <n. If (xo,...,xyn) is random in the above space, then (z;,...,x;) is random in
Hk:O(X(ik)) Blix), u(ik))_

2. Let H,‘;"ZO(X(’“),B(’“),/L(’C)) be a product of randomness spaces with probability mea-
sures. Let (ig,...,1;) be a vector of pairwise different indices. If (zg,x1,...) is random
in the above space, then (x4, ...,2;,) is random in TTh—o (X ), BO) 1y (50)),

3. Let T[24(X®), B®) 1)) be o product of randomness spaces with probability mea-
sures. Let r : IN — IN be an injective computable function. If (xg,x1,...) is random
in the above space, then (z,(o), Tr(1),---) 18 random in 132, (X () Br(k) |y (r(k))),

Proof. 1. We prove the assertion for the case | = n — 1. Iterated application gives the
general case. By symmetry we may w.lo.g. assume (ig,...,4) = (1,...,n). Define a
projection f : X x ... x X — XU x x X by f(xg,...,zn) = (21,...,2n).
We show that y is non-random if f(y) is non-random. Let (V;;,)n, be a randomness test
on [I7_1(X®) B®) 4,k Let B := BO x ... x B™ ¢ := BO x ... x B® 4 =
p® o x p™ and g = pM x ... x p™. By assumption, (Vi,)m is C'—computable, i.e.
Vi = U{Cj | (m,j) € A} for some r.e. set A. Since Y Clir, ... in)) = U{Bio,...,in) |
io € N}, (f ' Cy); is B-computable. From this we conclude that (f~C}); is B'-computable
and finally that (f '(Vin))m is B'-computable. From f~1(V;,) = X© x V,,, we obtain
pwfH(Vin) = pO(X©) . 1/ (Vy). Since p® is finite, p(® (X)) < 2V for some N € IN.
Define Wy, := f~"(Vp4n). Then (W,), is a randomness test such that f(y) € Npew Vim
implies y € ey Wh-

2. The proof is similar to that of 1.

3. First notice that B with By = [[5% Y;, where Yy := B{*) and ¥; := X®) otherwise,
is a numbering of a subbase of [[72 X (k) which is b—equivalent to 1520 B®) " Accordingly,
C with Ci 5 := [172Yj, where Y, := Bi(r(k)) and Yj := X (k) otherwise, is a numbering
of a subbase of [[3, X ("(¥)) which is b-equivalent to [[3>, B(¥)).

By Proposition 3.8 we may consider the numberings B and C. Define a projection f :
12, X®) — 122, X ®) by f(zg,21,...) := (Zr(0), Tr(1),---)- Let p =T[5, 1% and
i o= 12 n"®). Let (Vi)m be a randomness test on ([J3, X5 O 1o u(m D).
(Vin)m is C'—computable. Because of f_10<k,,~> = Bir(x),i), the sequences (f_lC]’-)j and
(f 'Viu)m are B'-computable. One checks that for every finite set £ C IN one has
pfH(User €1 = 1/ (Uier CL). We conclude puf~1(V;,) = p/ (Vi) for all m € IN. Therefore
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(f 'Vi)m is a randomness test. We conclude that the function f maps random elements
to random elements. a

Examples 3.16 1. (see Calude, Hertling, Jiirgensen, Weihrauch [4]) Let (X, B, u) be
the finite randomness space of Example 3.5.1 and (3¢, B, /i) be the usual randomness
space of infinite sequences over X, considered in Example 3.5.2. The topologies and
measures of the randomness spaces (3¢, B®, u¥) and (¥, B, ji) coincide by definition
and the numberings B“ and B are b—equivalent. In fact, they are equivalent in a
stronger sense; for details see Calude, Hertling, Jiirgensen, Weihrauch [4]. By Propo-
sition 3.8 both spaces have the same random elements. In other words: the infinite
product of the finite randomness space (2, B, i) defines the usual randomness concept
for infinite sequences in 3¢ (Calude [3]).

2. The Lebesgue measure on IR is o—finite. Hence, for any n > 1 the finite product
(R™, B™, \"") of the randomness space (IR, B, \) is a randomness space again.

3. The infinite product of the randomness space of Example 3.5.4 is a randomness
space on the set [0,1]“ of infinite sequences of real numbers. It is well-defined since

A([0,1]) = 1.

We conclude this section with “concrete” examples of random elements of a randomness
space.

A sequence (g,), of dyadic rationals is called computable, iff there is a total recursive
function f with ¢, = vip(f(n)) for all n (for vp compare Example 3.5.3). A real number z
is called left—-computable (right—computable), iff there is a computable non—decreasing (non—
increasing) sequence (g, ), of dyadic rationals with lim,_,« ¢, = =, see Weihrauch [28, Ch.
3.8].

Examples 3.17 1. Let X be a finite alphabet. A subset D C X* is called prefiz—free
if no element of D is a proper prefix of another element of D. We call a function
f :C X* — ¥* self-delimiting if its domain is prefix—free. A partial recursive self-
delimiting function f :C X* — ¥* is called wuniversal if for any partial recursive self-
delimiting function g :C ¥* — ¥* there exists a constant ¢ such that for all x € domg
there is a y € dom f with |y| < |z| 4+ ¢ and f(y) = g(x). Chaitin [9] proved that there
exist universal self-delimiting partial recursive functions. The halting probability of a
self-delimiting function f is defined by Qf := >, cqom f 2~ 17|, Note that this is always
a well-defined left-computable number in the unit interval [0, 1]. Chaitin [9] proved
that the halting probability of a universal self-delimiting partial recursive function has
a random binary representation. By Theorem 5.1 the halting probability is a random
real number, i.e. a random element of the randomness space of Example 3.5.3 and of
the space of Example 3.5.4.

2. Let (U,)n be a universal randomness test on the space of real numbers (IR, B, \)
of Example 3.5.3. Then, for any k, the open set Uj contains all non-random real
numbers. This set is also the disjoint union of a countable set of open intervals. The
boundaries of these intervals lie outside of Uy, hence they are random real numbers.
The set Uy, is recursively open in Ko’s [12] terminology. Therefore, by [12, Theorem
2.34] the right-hand boundary of any of these intervals is a left—-computable real
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number and the left-hand boundary of any of these intervals is a right—computable
real number. More on left—computable random numbers can be found in Calude,
Hertling, Khoussainov, Wang [6].

3. The construction of the last example can also be carried out on the space (X, B, u)
of sequences (Example 3.5.2). For simplicity we consider ¥ = {0,1}. For a larger
alphabet the proof is essentially the same. For p,q € X% define p < q: <= p # ¢q and
p; < g; where i := un[p, # qp], and p < q: <= p=gqor p < q. For p,q € ¥ with
p < q the set [p;q] := {r € ¥ | p < r < q} is compact and called a closed interval.
Notice that for the ordered set (X, <) the supremum sup X exists for any subset
X C X¥. Fix an arbitrary universal randomness test (U,), on X“. Furthermore fix
a computable sequence p € ¢ with p([0¥;p]) < 1/4. This sequence is an element
of U; because U; contains all non-random sequences. We claim that the sequence
r:=sup{q € £ | [p;q] C U1} is a random sequence. For the sake of a contradiction,
assume that r is non-random. Then it is an element of U;. The set Uy is open. Hence
there is a prefix v of r with v3“ C U;. Let w be the lexicographical successor of v with
|lw| = |v|. It exists because p([0¥;p]) < 1/4 and p(U1) < 1/2 imply that v ¢ {1}*.
We obtain r < w0“ and [p; w0¥] C Uy, contradicting the definition of r. Hence, r is
random. We can approximate r by a non-decreasing computable sequence of words.
Let f be a total recursive function with U; = U{v(f(7))2% | i € IN}. Fix a prefix v of
p with v3% C Uy. For n € IN define the word w,, by

lwa| = max({Jv[} U [J{Ivf()]}) and
i<n
w1 = sup{g € 2| [p;q] CoZ¥ U |J vf ()¢}
i<n
Then the sequence (wy,), is a computable sequence of words (that means that there
is a computable function g : N — IN with w, = v(g(n)) for all n) such that for all n

either w,1¥ < wp4+11¥ or there is a number | with wy 41 = w1t By using the fact
that any interval [p; q] C Ujis compact one shows that (w,1*), converges to r.

4 Randomness Preserving Transformations

The main result of this section is a theorem giving conditions under which a computable
function between randomness spaces preserves randomness. This corrects and extends a
result by Schnorr [21].

Let ¥ and 3 be two finite alphabets. A function g :C £* — £* is called monotonic,
iff g(vw) € g(v)X* for all v,vw € domg. And it is called unbounded on p € 3¢, iff for all
n € IN there is some prefix v € dom f of p with |g(v)] > n. The function f :C £¢ — ¥
induced by a monotonic function ¢ :C X* — =* is defined by

1. dom f = ﬂnem(g_l(i"f}*)ﬁ“’) (i.e. p € dom f iff g is unbounded on p),
2. f(p) € g(v)X¥ for any p € dom f and for any prefix v € domg of p.

It is clear that f is well-defined by these conditions. A function f :C £¢ — 3¢ is called a
computable functional, iff there is a computable, monotonic function g :C ¥* — ¥* which
induces f.
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Schnorr claimed in [21, Satz 6.5]: if f :C {0,1}¥ — {0,1}* is a computable functional
satisfying (3 constant K) (V measurable A C {0,1}*) u(f 1(A4)) < Ku(A), and if x €
dom f is random, then also f(z) is random. This, as well as Lemma 6.6 and Satz 6.7 in
[21], is not completely correct, as was also observed by Wang, see Hertling and Wang [11].
The following proposition gives a counterexample. Note that the function in the following
example satisfies the measure-theoretic condition above for any constant K since its domain
has measure zero.

Proposition 4.1 Consider the randomness space from Ezample 3.5.2 with ¥ = {0,1}.
There exist a random element r € {0,1}* and a computable functional f :C {0,1}¥ —
{0,1}* with dom f = {r} and f(r) = 0“.

Proof. Let (w,), be a computable sequence of words w, € ¥* such that the sequence
(w,1?), is non—decreasing and the limit » = sup{w,1* | n € IN} in 3¢ is random, see
Example 3.17.3. We define a monotonic computable function g :C ¥* — ¥* by

(v) = 0l if v is a prefix of wy, for some m > |v|
g\ = 1T otherwise.

The function f induced by g has the desired properties. a

In fact, one needs an additional condition on the domain of definition of f. For example
it would be sufficient to demand that the domain dom f has measure 1. A more general
condition will be formulated in Theorem 4.7 below.

We wish to consider transformations from one randomness space to another one. For
such transformations we need a computability notion. A direct and natural definition can
be obtained by demanding that the transformation is continuous in an effective way.

Definition 4.2 Let (X, B) and (Y, C) be two topological spaces with total numberings B
and C of subbases. We call a function f :C X — Y computable, iff there is a B'-computable
sequence (U, ), of open subsets of X with f~1(C,) = U, N dom f, for all n.

We observe that this definition generalizes the notion of a computable functional if one
does not care about the precise domain of definition. We omit the proof of the following
proposition.

Proposition 4.3 Let £ and £ be two finite alphabets and B and C the corresponding
numberings of bases considered in Ezample 3.5.2. A function f :C % — 5¢ is computable
if and only if there is a computable functional g :C B¢ — ¢ with f(p) = g(p) for all
p € dom f.

For the special case of Ty—spaces Definition 4.2 is equivalent to the definition of com-
putable functions via standard representations by Kreitz and Weihrauch [14, 28, 30]. The
idea is the same as the classical definition of relative computability via numberings. If X
and Y are two sets and v :C ¥“ — X and ¢ :C $¥ - Y are representations, that is,
surjective mappings, then a function f :C X — Y is called (v, d)-computable, iff there is
a computable functional g :C £¢ — ¢ with fv(p) = dg(p) for all p € dom fv. If (X, B)
is a Tp—space (in this case every element of X can be identified by the set of its subbase
neighbourhoods), then one defines the standard representation ép :C {0,1}* — X by

op(p) =2 <= {i € N|z € B;} = {i € N|10°"'11 is a subword of p}.
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Theorem 4.4 Let (X,B) and (Y,C) be two Ty—spaces with total numberings B and C
of subbases. Then a function f :C X — Y is computable if and only if it is (0p,0c)—
computable.

Proof. First we assume that f is computable. We wish to construct a computable functional
g :C {0,1}¥ — {0,1}* with fép(p) = dcg(p) for all p € dom fdp. Therefore we have to
construct a computable function h :C {0,1}* — {0,1}* which induces g. Let A C IN be
an r.e. set with f~1(C,) = dom f N Un,ijea Bi. If A is empty the function f has empty
domain and is obviously also (dp,dc)—computable. So we assume that A is nonempty.
Let ({ng,ix))r be a recursive enumeration of A. For a finite word w € {0,1}* we define
En(w) := {j | 10/*111 is a subword of w} and a finite set of numbers S(w) by

S(w) :={ng | k < |w| & D;,, CEn(w)} \ U{S(v) | v is a strict prefix of w}.

Let z(w) be a finite word which encodes the set S(w): if S(w) = 0, we set z(w) := 1,
otherwise z(w) := 10™T1110™2+111...10™ 111 where m; < mg < ... < my is the ordered
list of numbers in S(w). We define the function h : {0,1}* — {0,1}* by h(e) := ¢ and
h(vd) := h(v)z(vd) for v € {0,1}* and d € {0,1}. We claim that this function h has
the desired properties. It is computable, total and monotonic. The induced computable
functional g : {0,1}* — {0,1}* is also total because |h(v)| > |v| for all words v. Assume
that p € dom fép and j € IN. We have to show that

féB(p) € C; <= 1071111 is a subword of g(p).

If fop(p) € Cj, then there is a k with n;, = j and dp(p) € B; . Since the sequence p
“enumerates” all numbers [ with dg(p) € B; there is a smallest prefix w of p with D;, C
En(w) and |w| > k. Hence, the number ny, is an element of S(w) or of S(v) for a strict prefix
v of w. The definition of h tells us that h(w) contains the subword 10™+111 = 1077111 (it
is either contained in z(w) or in z(v) for some strict prefix v of w). Hence, g(p) contains
this word as a subword. If on the other hand 107111 is a subword of g(p), then it is also
a subword of h(w) for some sufficiently large prefix w of p. By definition of h this implies
that there is a k with n;, = j and D;, C En(w). But D;, C En(w) implies p(p) € B; . By
the definition of A respectively of (ng,ix) and with ny = j we conclude dg(p) € f~(Cj),
hence fdp(p) € C;. This finishes the proof of the first half of the theorem.

For the proof of the converse direction we assume that f is (dp,dc)—computable. We
have to construct an r.e. set A C IN with f~(C,) = dom f N Un,iyea B; for all n,i. Let
9:C{0,1}¥ — {0,1}* be a computable functional with fdg(p) = dcg(p) for all p € dom f,
and let h :C {0,1}* — {0,1}* be a computable function which induces g. We define A by

A :={(n,i) | (Jv € domh) D; =En(v) & n € En(h(v))}.

It is clear that A is r.e. Fix a number n. We have to show that f~(C,) = dom f N
Un,iyea Bi- First we show “C”. Consider an element z € fY(Cp). Then z € dom f.
Choose an arbitrary dp—name p for z and set ¢ := g(p). The binary sequence ¢ is a
dc—name for f(r) and must contain the subword 10"*111. Then there must be a prefix
v € dom h of p such that 10"*111 is a subword of h(v), that is, n € En(h(v)). Certainly,
T € (jcen(v) Bj- Hence, if i is a number with D; = En(v), then z € B;. By definition
of A we also have (n,i) € A. This shows “C”. For the proof of “2” consider a number
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(n,i) € A and an element x € B, Ndom f. There is a word v € dom h with D; = En(v) and
n € En(h(v)). This word can be extended to a dp—name for . The fact that h induces g
implies f(x) € Cp. That was the assertion. O

For real number functions this computability notion derived from the numbering B from
Example 3.5.3 is also the usual computability notion considered for example by Grzegorczyk
[10], Lacombe [15], Pour-El and Richards [19], Weihrauch and Kreitz [14, 28, 30], Ko [12],
and others; for more references see [28, 30].

Besides computability we need two additional conditions for a function in order to ensure
that it preserves randomness: one saying that we can in some effective, measure-theoretical
sense control its domain and one saying that it may not map too large sets to too small
sets.

Definition 4.5 Let (X, B, ) be a randomness space. A set D C X is called fast enclosable
if it is measurable and if there is a B'-computable sequence (U, ), of open sets with D C U,
and p(Up \ D) < 27" for all n.

Definition 4.6 Let (X,B,u) and (Y,C, 1) be two randomness spaces. A function f :C
X — Y is called recursively measure-bounded if dom f is measurable and there is a total
recursive function r such that for all open sets V C Y:

avy <2t = (v <27

In fact, it suffices to require this only for all sets V' = U;cp, Cj (i € IN) where C” is
the derived numbering of C. Many functions f :C X — Y we shall use are even measure
invariant, that is, u(f~1(V)) = (V) for all open V C Y. After these preparations we can
formulate our theorem on randomness preserving transformations.

Theorem 4.7 Let (X,B,u) and (Y,C, 1) be randomness spaces. Let f :C X — Y be a
computable, recursively measure—bounded function with a fast enclosable domain. If v €
dom f is a random element of X, then f(x) is a random element of Y.

Informally: a computable, recursively measure—bounded function with a fast enclosable
domain preserves randomness.

Proof. Tt is sufficient to prove the following: if (V},), is a randomness test on (Y, C, i) then
there is a randomness test (Uy), on (X, B, p) with

ﬂUan1<ﬂ Vn>. (1)

ncelN nelN

Let (V,)n be a randomness test on (Y,C, 1), let Ay C IN be an r.e. set which shows that
(Va)n is C'-computable, i.e. Vi, = Uy jyca, Cj, for all n. Let (Ty,), be a B'-computable
sequence of open subsets of X with f~1(C,) = dom f NT},,. Then f~1(C/,) = dom f N T,
for each n. The sequence (T},), is also B'-computable by Lemma 3.3. Let A7» C IN be an
r.e. set which shows that (7)), is B'-computable. The sequence (R,,), with

Ry:= U Ty =U(Bi| ()(n.j) € Av and (j,i) € Ap}
(n,j)eAy
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is B'-computable and satisfies f 1(V,,) = R, Ndom f. Now let » : IN — IN be a total
recursive function with p(f1(T)) < 27" for all open subsets U C Y with a(U) < 277",
and let (S,), be a B'-computable sequence of open subsets of X which encloses dom f in
the sense dom f C S,, and p(S, \ dom f) < 27" for all n. We claim that the sequence (Uy),
with
Up = nt1 Rr(n+1)

has the desired properties. It is a sequence of open sets. It is B’~computable since both the
sequence (Sy11), and the sequence (R,(,41))n are B'-computable and the intersection of
two B’-computable sequences is B'-computable again (proof straightforward). It satisfies

f_l(V}(,H_l)) =U,Ndom f for alln (2)

because of f1(V,,) = R, Ndom f, for all m, and dom f C Sj, for all I. From (2) we obtain
for all n:
w(Un) = p(Upndom f)+ p(U, N (X \ dom f))

(
1(f 7 (Vietns1))) + #(Sns1 \ dom f)
27(n+1) + 27(n+1) — 27” .

IN A

Finally, (2) implies (1). This ends the proof. O

In our counterexample in Proposition 4.1 the set dom (f) = {r}, » random, cannot be
fast enclosable. We remark that for infinite sequences Levin [16] has obtained a randomness
preservation result of a different kind. It can roughly be described by saying that certain
operators A transform a p—random sequence into an A(u)-random sequence where p belongs
to a certain class of measures and A(yu) is the measure induced by p and A.

In the rest of this section we assume that ¥ is an arbitrary finite alphabet with at
least two elements. As an application we show that randomness of a vector or a se-
quence of elements of ¥ can be expressed directly over the randomness space ¥“. For
p,g,pY, ..., p¥) € ¥ we define (p) := p, (p,q) := p(0)g(0)p(1)q(1)p(2)q(2)..., and re-
cursively (p, ... p®)y .= ((pM) .. p*=1) p(*)) For a sequence (p(*)); of sequences we
define (p©,pM ... N((i,4)) := p¥)(j) for all 4, ;.

Corollary 4.8 1. Letk > 1. A vector (p(1,...,p%)) € (V¥ is random, iff the sequence
(pW, ... p®)y € B¢ is random.

2. A sequence (pi®)), € (3¥)¥ of sequences is random, iff the sequence (p® pM .. ) e
3% is random.

Proof. (1) The mapping (,) : (£¥)¥ — ¥* is a computable measure invariant homeomor-

phism and its inverse is computable as well. The assertion follows from Theorem 4.7.
(2) Also the mapping (,) : (X¢)¥ — X is a computable measure invariant homeomor-
phism and its inverse is computable as well. Again the assertion follows from Theorem 4.7.
O

We finish this section by two well-known examples of randomness preserving transfor-
mations: given a sequence one chooses a subsequence and rearranges it by applying an

16



injective total recursive function to its coefficients or by choosing only components with
indices at which an “independently random” sequence has 1’s. The first result seems to be
folklore. It is stated for example in Book, Lutz, Martin [1], Lemma 3.4.

Corollary 4.9 Let r : IN — IN be a total recursive injective function. If a sequence p =
p(0)p(1)p(2)... € ¥ is random, then also the sequence p(r(0))p(r(1))p(r(2))... is random.

Proof. This is a special case of Theorem 3.15.3. a

The second result is due to van Lambalgen [25, Theorem 5.8]. For considerations which
can be used for a proof see [24].

Corollary 4.10 (van Lambalgen [25]) Let (p,q) € (X*)? be a random pair of sequences.
Define a new sequence by erasing out of p all the components p(i) with q(i) = 0. The new
sequence is random also.

Proof. First, we observe that the new sequence is well-defined since g contains infinitely
many 1’s. Therefore notice that the randomness of (p,q) implies that ¢ is random by
Theorem 3.15 and, hence, contains infinitely many 1’s. The “new” sequence is defined more
formally to be the sequence F(p, q) where the function

F : %% x {q € ¥ | q contains infinitely many 1’s} — X¢

is defined by
F(p, q)(7) := p(position of the (i + 1)—-th 1 in q).

The function F :C (¥¥)?2 — X¥ is computable. Its domain is fast enclosable because
it has p?-measure 1 (it is the product of two sets with p—measure 1). Using Fubini’s
Theorem one shows that F' is measure invariant: it is sufficient to show for w € ¥* that
p?(F~Y(wx®)) = |Z|7Ivl. This follows from [5. XF-1(wsv) (D, @)dpu(p) = 12|~ ¥l for any
q € ¥¥ containing infinitely many 1’s and from Fubini’s Theorem. Now Theorem 4.7 gives
the assertion. i

5 Random Real Numbers

Randomness of real numbers is usually introduced via the the b-ary representations. Calude
and Jirgensen [7, 2] proved that this leads to a notion independent from the base b. In
this section we show that this notion coincides with the direct definition of randomness on
the real numbers given in Example 3.5. This is done also for vectors and infinite sequences
of reals. Furthermore we show that computable analytic functions preserve randomness.
Hence all the common arithmetic functions preserve randomness. We conclude the section
with several simple observations on the arithmetic of random real numbers.

Fix a natural number b > 2. The b-ary representation of the real numbers in the unit
interval is based on the alphabet ¥ := {0,1,...,b — 1} and defined by

po By = [0,1], po(p(O)p(L)p(2)...) == > p(i)b (+).
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A sequence p € X with py(p) =  is also called ezpansion of x to base b. It is unique for all
real numbers in [0, 1] except for those rationals corresponding to sequences ending on 0’s
or on an infinite repetition of the digit b — 1. This definition can directly be extended to a
representation p§ of vectors in [0, 1]*¥ by

ph = S5 — [0, 1, po(p™,..,p®) = (op (D), ... (™M),

which we call the b-ary representation of vectors in [~0,}]k In the following theorem we
consider the randomness spaces (IR, B, A) and ([0, 1], B, ) introduced in Example 3.5 and
their products according to the end of Section 3. The theorem is a slightly more general

formulation of a result contained in Weihrauch [29]. For a vector (z1,...,z,) of reals the
fractional part of (z1,...,z,) is the unique real vector (yi,...,y,) € [0,1)"” such that the
difference (z1 — y1,...,Zn — Yn) is a vector of integers.

Theorem 5.1 Let n > 1, b > 2. For a vector (z1,...,z,) € R" the following conditions
are equivalent.

1. It is a random element of the space (R"™, B™, \").
2. Its fractional part is a random element of the space (R", B™, \").
3. Its fractional part is a random element of the space ([0,1]", B", 5\")

4. Its fractional part has a random pj -name.

Proof. We prove “(1) < (2)”, 4(2) < (3)”, and “(3) < (4)”.
Let (z1,...,2n) € ZZ" be an integer vector. The translation 7' : (R", B") — (IR", B")

with T'(y1,...,yn) := (y1 + 21, --,Yn + 2n) is a total, computable, measure invariant map-
ping. Hence, by Theorem 4.7, if (y1,...,yn) € IR"™ is random (in (IR", B", A")), also
(y1 +21,...,Yn + 2zn) is random. The equivalence “(1) <= (2)” follows.

The mapping f :C (IR"?, B") — ([0,1]", B") with dom f = [0,1]" and f(z) = « for
all x € dom f is computable, measure invariant, and its domain is a fast enclosable sub-
set of (R™,B™, A\"). This, together with Theorem 4.7 proves “(2) = (3)”. The inverse
mapping f~! : ([0,1]", B") — (IR", B") is computable, total and measure bounded since
A ((F71)71(A)) < A"(A) for all measurable A C IR". Using Theorem 4.7 we conclude
“(3) = (2)".

The mapping py itself is computable, total, and measure invariant. Hence, Theorem
4.7 yields “(4) = (3)”. On the other hand, let now f :C [0,1]" — X¥ be the mapping
which maps each n-vector of irrationals in the unit interval to its (unique!) pj-name, i.e.
pp(f(z)) =z forallz € dom f :=[0,1]"N(IR\Q)". This mapping is also computable. Since
its domain has measure 1 it is fast enclosable. And the function f preserves the measure:
A (f~1(A)) = p"(A) for all measurable A C $*. By Theorem 4.7 f preserves randomness.
If x € [0,1]" is random, then it is a vector of random numbers by Theorem 3.15, hence
a vector of irrationals, hence in the domain of f, and f(z) is random in 3¥. This proves
“(3) = (4)”. |

From the equivalence of 3. and 4. in Theorem 5.1 we obtain:

Theorem 5.2 (Calude and Jirgensen [7]) For integers b,c > 2 a real number x € [0,1]
has a random py—name, iff it has a random p.—name.
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We generalize the equivalence of 3. and 4. in Theorem 5.1 to infinite sequences of real
numbers in the unit interval. We define the b-ary representation py : £ — [0,1]“ of such
sequences by p (p®,p™),p@,. ) := (p(p©), ps(p™M), p(p®), ...) for p®,pM) p®, . €
DI

Theorem 5.3 Let b > 2. A sequence (zy), of real numbers in [0,1]“ is a random element
of ([0,1]¥, B¥, A*) if and only if it has a random pf -name.

The proof is identical with the proof of the last equivalence in Theorem 5.1.

Before we turn our attention to the real numbers let us collect a few facts about random
infinite sequences of real numbers in [0,1]“. A sequence (zy), € [0,1]“ of real numbers is
called uniformly distributed if for any pair a, b of real numbers with 0 < a < b < 1 the limit
limg, oo %|{z <n|z; €[a,b]}| exists and is equal to b — a.

Theorem 5.4 Every random sequence of reals in [0,1]¥ is uniformly distributed.

Proof. This follows immediately from Theorem 5.3 and from Theorem 3.6 of Calude,
Hertling, Khoussainov [5] which states that any sequence of reals in [0, 1] with a random
py-name, b > 2 arbitrary, is uniformly distributed. |

In Proposition 3.15 we observed that a sequence of reals in [0, 1] is already non-random
if one of its components is non—random or a vector formed out of distinct components is
non-random. Is there a non—random sequence of reals such that all of its components are
random? This is true.

Theorem 5.5 There is a non-random sequence (xy), of reals in [0,1]” such that for any
n € IN and any tuple (ig,...,i,) of pairwise different indices (i.e. iy, # iy for0 <k <l <n)
the vector (zi,,...,x;,) is random.

Proof. Let (yn)n be an arbitrary random sequence of reals in [0, 1]“. Then by Theorem 3.15
each vector (yj,,...,y;,) for some tuple (jo,...,jn) of pairwise different indices is random.
Define a sequence (), of reals in [0, 1]“ by z¢ := yp and 2,41 := the first number in the
sequence (yp)n which is smaller than %mn This sequence is well-defined since the sequence
(Yn)n is uniformly distributed. It is non-random since it converges fast to zero (take for
example the randomness test (Up), on [0,1]“ defined by U, := {(zm)m € [0,1]“ | 2 <
27"}). Each vector of the form (z;,,...,;,) for any n € IN and any tuple (io,...,i,) of
pairwise different indices is random since it is identical with a vector of the form (yjq,, . .., y;,)
for some tuple (jo,. .., jn) of pairwise different indices. O

We turn our attention to arithmetic properties of random numbers and vectors. We
have already remarked that a computable real number cannot be random. It is well known
that a computable real function preserves computability, that is, it maps computable real
numbers to computable real numbers. Which real number functions preserve randomness?
We give a sufficient condition which seems to cover all the functions commonly in use.

Theorem 5.6 Let n > 1 and f :C IR™ — IR be a computable, continuously differentiable
function with an open domain such that all zeros of its derivative f' are non—random ele-
ments of R™. If x € dom f is random, then also f(x) is random.
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Proof. Let z € dom f be random. Then f'(z) # 0 by assumption. Thereisa k € {1,...,n}
such that the partial derivative %(z) # 0 is non-zero. By symmetry we can assume k = n
w.lLo.g. Since the derivative f’ is continuous and the domain of f is open there is an
open rectangle D with the following properties: (1) z € D C dom f, (2) D has rational
endpoints, (3) the sidelength of D in any coordinate is at most 1, (4) for all y € D we
have |%(y)| >c:=1 %(zﬂ. We claim that the restricted function g := f|p satisfies all
assumptions of Theorem 4.7. This, of course, implies that f(z) is random.

It is clear that g is computable and that its domain D is fast enclosable. The only point
which has to be proved is that g is recursively measure-bounded. This is a consequence
of the fact that the absolute value of the derivative is bounded from below by a positive
constant on D. We claim that it satisfies

X1 (U)) <

AU) (3)
for any open subset U C IR. In fact, by taking the sign of %(z) into account one can show
that it satisfies even A"(g~!(U)) < LA\(U) for any open U C IR. Since any open U C IR can
be written as a disjoint countable union of open intervals (the connected components of U)
it is sufficient to prove the claim (3) for open intervals U = (a,b). Fix real numbers a < b.
Fix a vector (z1,...,2n,—1) € R""! such that there is an € R with (zy,...,2,_1,2) € D
and consider the function h :C R — IR with h(z) := g(z1,...,2z,_1,2). Note that the
domain of A is an open interval. We claim that

Ah™H((a,0)) < =(b—a). (4)

oI N

If h~1((a,b)) is empty this is clearly true. Assume that A~ '((a,b)) is not empty and fix a
real y with h(y) € (a,b). We shall show

P (@) € (g~ (- a)y+ (b —a) 6

This implies (4). Let = € h=1((a,b)). By the Intermediate Value Theorem there is a real
number ¢ lying in [y, z| if y < x respectively in [z, y] if # <y with the property

h(y) — h(z) = h'(§) - (y — =).

The point (z1,...,2y-1,£) lies in D, hence |h'(€)| > ¢ by our fourth assumption on D. We
conclude |h(y) — h(z)| > c|y — x|. Together with |h(y) — h(x)| < b — a we obtain

b—a>cly—z|

and this proves our claim (5), and hence also (4). The inequality (4) is used in the following
application of Fubini’s Theorem where

D' :={x=(x1,...,2p_1) €ER" 1| (Fz € R) (x1,...,2n_1,2) € D}

is the projection of D on the first n — 1 components:
V(e (@) = [ xgram (@)@, 2)
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In the last step we used the assumption that the sidelength of D and hence also of D’ in
each coordinate of IR™ is at most one. This proves our claim (3) and ends the proof of
Theorem 5.6. m

Let n > 1 and U C IR" be an open set. A function f : U — R is analytic if for any point
z € U there is a neighbourhood V' C U of z such that in this neighbourhood f(x) can be
written as an absolutely convergent power series 3 pepnn ax(z — 2)* where y* = yi L ykn
for y = (y1,...,yn) € R" and k = (k1,...,k,) € IN".

Theorem 5.7 Let U C IR be open and f : U — IR be an analytic function which is
computable on any compact subset of its domain. If x € dom f is random, then also f(x)
ts random.

Proof. If f is an analytic function which is computable on any compact subset of its
domain U, then its partial derivatives 59—;; (for k € {1,...,n}) are also analytic functions
and computable on any compact subset of U (their computability can be proved by following
the proof of Theorem 2, p. 53 of Pour-El and Richards [19]). Fix a rational compact rectangle
K in the domain of f and consider the restriction of f to this set. The set of zeros of f' has
measure 0. For each m € IN (uniformly in m) we can compute a finite union of balls B} in
IR™ which cover the set of zeros of f' in K and are contained in {z € U | |f'(z)| < 27™}.
Hence, since the measure of {z € U | |f'(x)| <27 ™} tends to zero for m tending to infinity,
we can construct a randomness test wich contains all zeros of f' in K. Thus, all zeros of
f' in K, and therefore all zeros of f' are non-random. The assertion follows now from

Theorem 5.6. O

We conclude that all the common arithmetic functions like addition, subtraction, multi-
plication, division, taking square roots or higher roots, exp, log, sin, cos, and so on preserve
randomness. If for example (z,y) is a random pair of real numbers, then the sum z + y is
random as well. But it is important to note that it is insufficient to assume just that both
components z and y are random. For example if = is random, then also —z is random (by
Theorem 5.6), but the sum x+ (—x) = 0 is not random. Hence, addition does not transform
random numbers into random numbers. Is the set of non-random numbers closed under
addition? No, for we can take a random binary sequence p(0)p(1)p(2)... € {0,1}*. The
numbers z := p2(p(0)0p(2)0p(4)0...) and y := p2(0p(1)0p(3)0p(5) . ..) are non-random, but
their sum z + y = p2(p(0)p(1)p(2)...) is random.

We end this section with a simple topological observation.

Proposition 5.8 For n > 2 the set of non-random points in R" is connected.

Proof. Fix a non-random point z in R®. We choose a sequence of rational points (g¢m)m
(that means: all components of ¢,, are rational) in IR" converging to z, starting with gop = 0.
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By connecting each point ¢, via a straight line with ¢,,+1 we obtain a path leading from 0
to z. This path contains only non-random points since a straight line segment in R" with
rational endpoints contains only non-random points. Thus, the set of non—random points
in R" is connected. |

6 Random Sets

Usually a set A C IN of natural numbers is called random if and only if its characteristic
function is a random sequence. In this section we consider a different notion of a random set
which is induced by viewing the power set of IN as a randomness space, based on its standard
topology. The first main result gives a characterization of the resulting randomness notion
in terms of randomness for sequences. The second main result is the construction of an
infinite co-r.e. random set. Also several simple properties of random sets are observed. In
this section we always use ¥ for the binary alphabet: 3 = {0,1}. Sets of natural numbers
are denoted by literals A, B, C,... while subsets of the power set 2N = {A | A C IN} of N
and subsets of ¥ are denoted by U,V, W, X,Y, Z.

Which sets of natural numbers should be called random? One possibility to introduce
randomness on 2 is to identify it with the usual randomness space (3¢, B, 1) of Example
3.5.2 via the mapping x : 2N — £¢ which maps a set A C IN to its characteristic function
x4 (with xa(n) =1ifn € A, xa(n) =0if n ¢ A). This mapping is a bijection. Then a set
of numbers is random if and only if its characteristic function is random. But the induced
topology 7y, that is, the topology on 2N induced by the base {x }(wZ¥) | w € £*} is not
the standard topology on 2IN. The standard topology on 2 is usually considered to be the
topology induced by the base {Og | E C IN finite} where O := {A C IN | E C A} for
finite subsets £ of IN. Let us call this topology .

Lemma 6.1 1. The topology T is a strict subset of the topology .

2. The o-algebra generated by T is identical with the o-algebra generated by T,.
Proof. (1) For any finite set E C IN we define a finite set Wg of words by
Wg:={w=w(l)...w(l + max E) € "™ | (vj ¢ E) w(l +i) =1}.

One observes O = U{x *(wX¥) | w € Wg}. This shows 7 C 7,. The set x 1(0X¥) is an
element of 7, \ 7.

(2) For any set F C IN the set Cp := {A C IN | ANF = (0} is a 7—losed set (that
means: 2™ \ Cr is an element of 7) since Cp,y = 2N\ Oyy,y for all n and Cp = Npep Cpny =
2N\ Uper Ony- Iffor a word w = w(1) ... w(|w|) € T* we set B := {i < |w| | w(i+1) =1}
and F := {i < |w| | w(i + 1) = 0}, then x (wE*¥) = O N Cr. Hence, every basic 7,-open
set is the intersection of a 7-open and a 7—closed set. The assertion follows. a

The topologies 7 and 7, are not the same. But their o-algebras are the same. Hence,
we can transfer the measure on %% via y ! to 2IN. We define a measure p by
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for every set X C 2N in the o-algebra generated by 7 (where the p on the right-hand side
of the equation denotes the usual product measure on ¥“, considered in Example 3.5.2).
Notice that u(Og) = 277! for any finite set £ C IN. Remember that D :IN - {E CIN | E
finite} is a standard numbering of the set of finite subsets of IN. Using the numbering O of
basic T-open sets defined by O; := Op, we obtain a randomness space

2N,0,p).

Definition 6.2 A set A C IN is called random iff it is a random element of the randomness
space (2N, 0, ).

Which properties does this randomness space have? What are its random elements?

It is clear that the randomness space satisfies the intersection property. Hence, when-
ever one has a randomness test (Uy,),, one can assume that the sequence (Up,), is a non—
increasing sequence of sets, compare Proposition 3.6. The measure p is weakly bounded.
This immediately implies by Theorem 3.11 that the space has a universal randomness test.

Before we characterize randomness of sets in terms of randomness of sequences we make
two simple observations.

Proposition 6.3 1. Every finite set E C IN s random.
2. Every subset of a random set A C IN is random also.

Proof. (1) Every open set U C 2N which contains a finite set £ C IN as an element
contains the open set Op as a subset. Hence u(U) > u(Og) = 27 Fl. Thus, there can be
no randomness test (U,), on 2N with F € Nnew Un-

(2) We prove the contraposition:

if A CIN is non—random and A C B, then also B is non—random.

Any open set U that contains A as an element also contains B as an element. Hence, if
A €N, Uy for some randomness test (Uy)p, then also B € (,, U, for any B D A. |

Especially the first assertion might seem counterintuitive at first. But since the finite
sets, considered as finite elements in the complete partial order 2I, are in some sense very
“rough” objects not having any property which is valid only for objects in an open set of very
small measure, it makes sense to call them random. In contrast to the randomness space
3“ where one considers positive and negative information about a set, here we consider
only positive information about sets, i.e. information telling us which numbers are in the
set. This also gives an intuitive explanation for the second assertion.

The following characterization is the first main result of the section.

Theorem 6.4 A set A C IN is random if and only if there is a set B O A such that xp is
random.

One can express this also negatively:

A C N is non-random <= (VB D A) xp is non-random.
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Proof. First we prove that “A non-random” implies “xyp non-random for all B O A”. By
Proposition 6.3.2 it is sufficient to prove

A non-random =- x4 non-random

for any A C IN. Fix a non-random set A C IN and a randomness test (U, ), on 2I with
A €N, Up. We claim that the sequence (V},),, of subsets of £ defined by

Vi = X(Un)

is a randomness test on X“ with x4 € (,, V. The last part of the claim is clear. The sets
V,, are open since 7 C 7,,. We have u(V,) = p(Uy,) < 27" since x is measure invariant by
the definition of the measure p on 2. It is left to prove that there is an r.e. set C C IN
with V,, = U{v(:)Z¥ | (n,i) € C} where v : IN — ¥* denotes the standard numbering of
>*. This follows since there is an r.e. set C with U, = U{Op, | (n,i) € C} and, given an
index i of a finite set D; one can compute v-indices for the finitely many words in the set
Wp, considered in the proof of Lemma 6.1, and V;, = U{Wp,%¥ | (n,i) € C}. This ends
the proof of the first implication.

Now we are going to prove that “yp non-random for all B O A” implies “A non-—
random”. Fix a universal randomness test (},), on X“. For each n we define U, to be the
T—interior of x~(V;,):

U, = U{OE | E finite and x(Og) C V,}.

We claim that the sequence (U, ), is a randomness test on 2. The sets U, satisfy u(U,) =
p(x(Un)) < p(Vy,) < 27™ because x preserves the measure and x(U,) C V,,. Let G CIN be
an r.e. set with V;, = Uy jyeq v(7)2%, for all n. We define an r.e. set H C IN by

l
H :={(n,i) | (3j1,... 51 € N) (n,jx) € Gfor k=1,...,l, and Wp, X% C U v(ji)2“}
k=1

Since every set x(0;) = Wp,2¥ is compact, we obtain (n,i) € H <= x(0;) C V,, for any
n and i. This shows U,, = U<n,i>€H O;, for all n. We have proved that (U, ), is a randomness
test on 21N,

Now let A C IN be a set such that xp is non-random for all B O A. This implies
xB € V,, for all B D A and all n since (V,,),, is assumed to be a universal randomness test.
By the lemma following immediately after the proof we conclude that A € U, for all n,
hence A € ), U,. This means that A is non-random and proves our assertion. O

Lemma 6.5 Let V C X be an open set and A C IN be a set such that xg € V for all
B D A. Then there is a finite set E C A with x(Og) C V.

Note that £ C A is equivalent to A € Og. The statement of the lemma can also be
expressed more elegantly: if a set A C IN and all sets B O A are elements of a 7,-open
subset U C 2, then they are already in the 7-interior of U.

Proof. We assume that the assertion is false. Set E, := AN{0,...,n} for each n. Then
for each n there is a sequence ¢, € x(Og,) \ V. The set £ \ V is compact. Thus, the
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sequence (gn)n has an accumulation point p in 3¢ \ V. We can fix a strictly increasing
function g : IN — IN such that the first n + 1 digits of gy(,) and of p are identical, for each
n. We know gy(,) € X(Og,,,) € x(Og,) since g(n) > n (g is strictly increasing!) implies
Eyny 2 Ep. Hence, if i € E,, then gy,)(i) = 1, and thus also p(i) = 1. This means
p € x(Og,), or in other words, E, C x~!(p). This, being true for all n, implies A C x~1(p).
But the assumption of the lemma was that such a sequence p must lie in V. Contradiction.

Hence, there is a finite set £ C A with x(Og) C V. O

Remark 6.6 In the second part of the proof of Theorem 6.4 we started with a randomness
test (V,)n on ¢ and proved that the sequence (Up,), consisting of the 7-interiors U, of the
sets x 1(V},) is a randomness test. Actually, (Uy,), is even a universal randomness test on
2N if (V) is a universal randomness test on £¢. To see this, use the observation in the

first part of the proof, namely the observation that (x(Uy,)), is a randomness test on 3¢ if
(Up)n is a randomness test on 21N,

Note that especially randomness of p € £¢ implies randomness of x ~!(p). The converse
is not true: take a random sequence p = p(0)p(1)p(2)p(3)... € £¢. Then the sequence
g = p(0)0p(2)0... is not random, but the set x (¢g) € x !(p) is random by Proposition
6.3.2 or Theorem 6.4.

Every finite set is random. How simple can infinite random sets be in terms of the
arithmetical hierarchy? We know that there are random sequences p € ¢ such that x~*(p)
is in As (for example the sequences constructed in Example 3.17.3). Thus, there are infinite
random sets in Ap. But the set x~!(p) associated with a random sequence p can of course
not be in X7 or IIy. Are there infinite random sets even in X1 or IT1? A set is called immune
if it is infinite and contains no infinite r.e. subset.

Theorem 6.7 1. Every random set is either finite or immune.
2. There is an infinite random co-r.e. set.

Hence, there are no infinite random sets in 31, but there are infinite random sets in II;.
The proof of the first part of the theorem is straightforward. The second part is based on
the following theorem which will be proved at the end of the section.

Theorem 6.8 Let AC NN be r.e. and U :=J{Op, | i € A} have measure u(U) < 1. There
exists an infinite co-r.e. set B ¢ U.

Proof of Theorem 6.7. 1. Assume that a set A C IN contains an infinite r.e. set B. Fix an
injective total recursive function f with range f = B. Set E,, := {f(0),..., f(n—1)} for all
n. The sequence (Og, ), is a randomness test on 2N with 4 € N,, O, .

2. Let (Uy,)n be a universal randomness test on 2IN. By Theorem 6.8 there exists an
infinite co-r.e. subset of IN which is not an element of U;. This set must be random. O

We deduce a corollary about random sequences. A set A C IN is called simple, iff it is
r.e. and its complement is immune.

Corollary 6.9 There exist a simple set A C IN and a random sequence p € X¥ with
x"Hp) C A
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Proof. By Theorem 6.7.2 there exists an infinite random co-r.e. set B C IN. Its complement
A :=IN\ B is simple by Theorem 6.7.1. By Theorem 6.4 there exists a random sequence
q € ¥ with B C x"!(g). The sequence p € ¥* with p(i) := 1 — ¢(i) is random as well and
satisfies Y !(p) C A. O

Especially in view of Theorem 6.7.2 and the proof of Theorem 6.8 the notion of a random
set seems to deserve attention in its own right. Also its connection with random sequences
needs to be explored more thoroughly. For example, is there a non-random sequence p € 3¢
such that both xy~(p) and IN\ x~!(p) are random? Another topic for which the randomness
space (2N, O, 1) might be very useful and serve as a standard example besides the space
of (finite or) infinite sequences is the problem to introduce and study randomness more
generally on complete partial orders.

We conclude this section with the proof of Theorem 6.8.

Proof of Theorem 6.8. We shall construct an r.e. co-infinite set C' C IN with
CND;# 0

for all ¢ € A. Its complement proves the assertion. We use a “movable marker” style
construction, compare Soare [22].

Let a : IN — IN be a total recursive injective function with rangea = A. We shall
define an non-decreasing sequence (Cy,)y, of subsets of IN and define in the end C := {J,, Cy,.
Furthermore we will define an non—decreasing sequence (L, ), of subsets of A. They contain
the indices in A which are in a certain sense “relevant” for the construction. We proceed
in stages n, for n € IN. The sets C), and L,, will be defined at stage n. Furthermore, at the
end of stage n we will have a finite list fén), ey f,(ln) of n + 1 pairwise different “forbidden”
elements (marked). If at stage n the “forbidding” condition of one number f,gn_l) of the

) (n—1)

n—1
numbers fé RN A

[ < n will be added to the set C,,_;. They will be replaced by new forbidden elements f](n)
(these markers will be moved); the others are kept. In any case, a new one, the number

from the previous stage is overruled, then all fl(n_l) with k& <

f,(ln), is defined. They will be defined in such a way that at the end of each stage n we
have C, N{ fén), ey fén)} = (. Tt is crucial that each f7(,') will be changed only at finitely
many stages, i.e. for each n there exists a number N such that fy(Lk) = fT(LN) for all k > N.
This guarantees that C' is co-infinite. It will be clear from the construction that C is r.e.
The crucial point in the construction is the condition when a “forbidding” condition is
overruled. The idea is that this is the case when the measure of the union of the sets Op,
is large enough where the union is taken over those indices ¢ which have been listed so far,
which are “relevant”, and which have the property that the forbidden element is contained
in D;. Here is the construction. We start with C_; = 0 and L_; = 0.

Stage n:
We can assume that Cp,_1, L,_1 and {fén_l), ceey 7(:1—11)} are defined. If D) N Cp1 # 0,
then we do the following;:

1. Weset L, := L, 1.

2. We set C,, := Cp,_1.
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3. We define f](n) = f](n_l) for j €{0,...,n—1} and f,(ln) := min(IN' \ G) where

G = Doy |7 <ny UV, 1Y)

If Doy N Crn—1 = 0, then we do the following:
1. We set Ly, := L,_1 U {a(n)}.
2. For every | € IN we define
S(l,n) :=u((J{Op, | 1 € Dj and j € Ly}).
The set
Fp:={m|0<m<nand f" €D, and S(f*Y, n)>2"m"2}

can be considered as the set of indices of forbidden elements in D, ,) whose forbidding
condition is overruled. We set

min F,, if F,, is nonempty
mg = .
n otherwise

and

Cr = Cre1 U (Do) \ Lo £ U LY | mp, <m <}

3. We do not change the forbidden elements f,g? D with m < mp,, i.e. for m < mp, we
define f,(#) = f,(:fl). But we define the numbers f,(#;n, el f,(zn) (in this order) to be
the smallest pairwise different numbers in IN \ G where G is the same set as in the
first case.

This ends the description of stage n of the algorithm. Remember that finally we define
C :=U,, Cyn. The algorithm is complete.

It is clear that the algorithm is well-defined. We only remark that the set G defined
above is always finite. We have to show that the set C satisfies all the required conditions:

1. Cisr.e.,
2.CND;#0forallicA,
3. IN'\ C is infinite.

The first claim is clear.

For the second claim we show by induction that at the end of stage n we have C,ND, ;) #
0 for all i < n. Remember that (Cy,), is a non—decreasing sequence of sets. Using induction,
it is sufficient to show that at the end of stage n we have C, N D,y # 0. In the first case
of the two cases considered in the description of stage n, in the case Dy N Cpo1 # 0,
this and C,, = C),_1 give the assertion. In the second case, in the case Da(n) NCp_1 =0,

we must show that the set (Dg(n) \ {fén_l),..., T(ﬁ_ll)}) U {fT(r?_l) | mp, < m < n},
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contains an element from Dy (). This is clear if Dy(,) € {fén_l), cee T(ﬁ_ll)} Assume that
Doy C {fénfl),..., ,(ffll)} The set Dy(y) is nonempty because of u(U) < 1. Define
k := |Dg(ny| — 1. Then D,,) must contain a forbidden element fgl_l) with m > k. On
the other hand, for all I € Dy(n), S(I,n) > u(Op,,,) = 2-*+1). Especially S(f5 ,n) >
2~ (k+1) > 9-(m+1) 5 9-m=2 This shows that {fl(n_l) | mp, <1< n} contains an element
from Dy if Dg(ny € {fénfl), N T([fll)} We have proved the second claim.

Finally, we have to prove that IN \ C is infinite. We observe that by construction
Cn N{ fén), ey fr(Ln)} = ( at the end of stage n. The assertion follows from the following
claim:

for each n, there is a number N > n such that fr(Lk) = fy(lN) forall k > N. (6)

This means that the number fr(;) will be changed only at finitely many stages. The rest
of the proof of the theorem consists of the proof of claim (6). In the proof we shall use
L :=J,, L. Furthermore, for a subset M C IN we abbreviate pu(U{Op, | i € M}) by u(M).

Assume that (6) is false. Let n be the smallest natural number such that fy(l') is changed
at infinitely many stages. Let féoo), ey ,(lo_ol) be the final values of fé'), ceey ,(l'll, ie. f;oo) =

limy,_, oo f](k) for 0 < j < n. Note that by construction for each k and each m < k we have
S(f,(,f), k) < 27™=2 at the end of stage k. We conclude that for 0 < j <n

lim S(F{™) k) <2792 (7)
k—o0 J
For each subset £ C {féoo), cees T(Lof%} and each m € IN we define
L¥ = GeL|Din{fg™,.... ;) =B},
LE = {j€Lm | Din{f{,....f<h =B}
Let Ny € IN be so large such that for all E C {féoo), cee T(Lof%}
p(LP) = p(LF,) < 27Crt2h (1 —2lF. (L)), (8)

There is such an Ny because for E = () we have
p(L%) < (L) < p(A) <1

because of L C L C A), and because for E # 0 there is an () ¢ g with § > |E| — 1,
J
hence

w(ILP) = p(J{Op, |ieL"})
< w(JOp, i€ L and f;oo) € Di})
o (o0)
= lim S(f;™,k)
< 27772
< 9 lE1
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(c0)

where we have used (7). We can also assume that Nj is so large such that f,gNO) = f/ for
all k € {0,...,n —1}. Set

Ny i=max({£), ., A2 U U{Dagsy | < Nob).
Let N2 > Ny be so large such that
cn{0,1,...,Ni} =Cn,n{0,1,...,Ny}.

This means that numbers < N; are added to the set C only at stages < Ny. We claim that
for j € L'\ Ly, we have

D;n{0,1,..., N} C{f . 1 (9)

To see this, fix a j € L\ Ly,. Note that by definition of N no number in D;N{0,1,..., N1}
can be added to C' at any stage later than N». This is especially true for the stage n; where
nj > Ny is the (unique) number with a(n;) = j. Therefore we have D; N {0,1,..., N1} C
(0 1YY We have £ = £ for 0 < k < n, but all numbers £{" " with
k > n will be added to C at some stage > n; (because of our assumption that f,g') — and

hence also f,g') for each k > n — will be changed infinitely often). Therefore we conclude
that (9) is true.

For a moment fix a set E C { féoo), el T(Lofl)} and consider the probability space which
consists out of 1) the set Op as the underlying space, 2) the restriction to Og of the o—
algebra generated by 7, 3) the probability measure g defined by pg(U) := 2/l . u(U) for
all elements U C Opg of this o—algebra. For j € Lﬁo we have E C D; C {0,1,...,N1}. On
the other hand, from (9) we conclude that for j € LE\Lﬁ2 we have D;N{0,1,...,N;} = E.
These two facts imply that in the mentioned probability space the two events

Oe \ | J{Op, | j € L}, }
and
O\ J{Op, | j € LP\ LY}

are independent. This means
1—2Fl u(LR, U (LP\ LR,) = (1 =21 (L)) - (1 = 2P w(ZP \ IR,)) .

A short computation yields the first equality in the following estimation, and (8) gives the
last estimate.

(LR, U (L7 \ LR,)) — p(LR,)
1—21B p(LR,)
_ M(LE) = p(LE,)
= 12l u(LE)
< 272

u(LP\LY,)
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Using this inequality for all E C {féoo), NN ,(Lciol)} we obtain

w(L\ Ly,) < 3 w(LF\ LE,)
EC{f{™),.., 1)

Z 2—277,—2

n—1

IN

2 "2,

Finally set N3 := max(U{Dy(; | i < Na}). For all m > N3 and stages k € IN we have

S(m, k) < u(L\ Ly,) <2772

Hence, as soon as the number fr(;) has been set to be larger than N3, it will never again

be changed. This contradicts the assumption that fy(l') will be changed infinitely often. We
have proved the claim (6). This ends the proof of the theorem. 0
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