88868888

CDMTCS
Research
Report
Series

Computational

Complementarity and
Sofic Shifts

Cristian S. Calude
Marjo Lipponen
Department of Computer Science

University of Auckland
Auckland, New Zealand

CDMTCS-053
August 1997

Centre for Discrete Mathematics and
Theoretical Computer Science



Computational Complementarity and Sofic Shifts *

Cristian S. Calude’ and Marjo Lipponen?

Abstract

Finite automata (with outputs but no initial states) have been extensively used
as models of computational complementarity, a property which mimics the physical
complementarity. All this work was focussed on “frames”, i.e., on fixed, static, local
descriptions of the system behaviour. In this paper we are mainly interested in the
asymptotical description of complementarity. To this aim we will study the asymptot-
ical behaviour of two complementarity principles by associating to every incomplete
deterministic automaton (with outputs, but no initial state) certain sofic shifts: au-
tomata having the same behaviour correspond to a unique sofic shift. In this way, a
class of sofic shifts reflecting complementarity will be introduced and studied. We will
prove that there is a strong relation between “local complementarity”, as it is per-
ceived at the level of “frames”, and “asymptotical complementarity” as it is described
by the sofic shift.

Key words: Complementarity principles, finite automata, sofic shifts.

1 Motivation

Physical systems are normally described by measurements. For example, a gas is described
by the position and momentum of its molecules and a swinging pendulum is characterized
by its angle from the vertical and its angular velocity. In the simplest case the set of
possible values describing a system can be arranged in a sequence, a film which is infinite
in both directions: each frame of the film—describing the system in a fixed interval of
time—depends upon the previous one, usually in a continuous way.

The notion of measurement is strongly connected to physical complementarity: the
observer either experiences one certain type of observation, (exclusive) or a different,
complementary one. The “folklore” understanding of complementarity, in general, and of
Heisenberg’s uncertainty relation, in particular, is the existence of certain (complementary)
features of quantum systems which cannot be measured and predicted simultaneously with
arbitrary accuracy. In other words, any description of properties of microscopic objects in
classical terms generates pairs of complementary variables; the accuracy in one member
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of the pair cannot be improved without a corresponding loss in the accuracy of the other
member.

Extensive work done by various authors (e.g. Moore [18], Ginsburg [12], Gill [11],
Chaitin [6], Conway [7], Finkelstein and Finkelstein [8], Brauer [2], Grib and Zapatrin
[14], Schaller and Svozil [20, 21], Svozil [22], Calude, Calude, Svozil, Yu [4], Calude,
Calude and Khoussainov [3], Calude and Lipponen [5]) was devoted to modeling physical
complementarity by computational complementarity, i.e., by means of complementarity
properties displayed by various types of finite automata. All this quoted work was fo-
cussed on “frames”, i.e., on fixed, static, local descriptions of the system behaviour. In
this paper we take another view as we are mainly interested in the asymptotical description
of complementarity. We will study the asymptotical behaviour of two complementarity
principles—motivated by Moore’s work [18] (see also Conway [7, p. 21] and Svozil [22])
and introduced by Calude, Calude, Svozil, Yu [4]—by associating to every incomplete
deterministic automaton (with output, but no initial state)—studied in Calude and Lip-
ponen [5]—certain sofic shifts. A class of sofic shifts reflecting complementarity will be
introduced and studied. We will prove that there is a strong relation between “local
complementarity”, as it is perceived at the level of “frames”, and “asymptotical comple-
mentarity” as it is described by the sofic shift, as automata having the same behaviour
correspond to a unique sofic shift.

2 Notations

If S is a finite set, then |S| denotes the cardinality of S. A partial function f : A > B
is a function defined for some elements from A. In case f is not defined on a € A we
write f(a) = co. Let D(f) = {a € A| f(a) # oo} denote the domain of f. If D(f) = A4,
we say that f is total. Two partial functions f and g are equal, when D(f) = D(g) and
f(a) = g(a), for every a € D(f). For any two sets A and B, we denote their symmetrical
difference by A, AAB = (A\ B)U (B \ A). If ¥ is a finite set, called alphabet, then
>* stands for the set of all finite words over X and the empty word, denoted by A,
whereas ©% is the set of all bi-infinite words over ¥. An element of % is a sequence
z=(Tp)pez =...T_1T0T7 - ..

Let ¥ and O be two finite, nonempty alphabets; 3 is the set of input symbols, and
O the set of output symbols. A deterministic (finite) incomplete automaton over
the alphabets ¥ and O is a system A = (S4, A4, F4), where the set of states Sy is a
finite, nonempty set, the transition table A, is a partial function from S4 X ¥ to the
set of states S4, and the output function Fj, is a total mapping from the set of states
S4 into output alphabet O.

The transition diagram A 4 is naturally extended to a partial function, A4 : S4 x I* =
Sa as follows: for every s € Sy, w € ¥* and 0 € X, Au(s,\) = s, and Ay(s,ow) =
Aj(Ax(s,0),w) if Ayg(s, o) # oo.

Furthermore, for all p € Sy4, the set W4(p) = {w € &* | As(p, w) # oo} consists of all
words leading to complete computations on state p. Following Ginsburg [13], we say that
a word u is applicable to the state p if u € W4(p).

If Ay is a total function, we will say that the automaton A is complete, so every
complete automaton is a special case of an incomplete automaton.



An automaton A = (S4,A4, F4) is strongly connected if for every pair of states
D,q € S4 there is a word w € W4(p) such that A 4(p,w) = q.

In this paper we will deal only with strongly connected deterministic incomplete au-
tomata, shortly automata, if not otherwise stated.

Following Calude and Lipponen [5], the response of an automaton A = (S4, A4, Fa)
to an input signal is the partial function R4 : S4 X £* = O* defined such that for every
s € S4, Ra(s,\) = Fa(s), and

RA(S, o1 ... O'n) = FA(S)FA(AA(S, 0’1))FA(AA(S, 0’102)) . FA(AA(S,Ul . O'n)),
ifoy...00 € Wy(s),0;€X,n>1land 1 <i<n.

Example 2.1 Let ¥ = {a,b}, O = {0,1}, and consider the three-state automaton A
presented below. The state p emits an output 0, F4(p) = 0, and the states ¢ and r emit
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an output 1, Fi4(q) = Fa(r) = 1. The responses to an input aba are R4(p,aba) = 0111,
R4(q,aba) = 1101, and R4(r,aba) = oc.

Responses are used in Calude and Lipponen [5] to define the behavioral simula-
tion (shortly [-simulation) of an automaton by another one, meaning that an automa-
ton can perform all computations performed by another automaton. Formally, let
A = (S4,A4,F4) and B = (Sp,Ap, Fg) be two automata. Then A is S-simulated
by B if there is a mapping h : S4 — Sp such that for all s € S4, Wa(s) = Wg(h(s)),
and Ra(s,w) = Rp(h(s),w), for all w € Wy(s). If A and B both -simulate each other,
we say that A and B are 8-equivalent. If, moreover, the mapping h : S4 — Sp is one-
to-one and onto, and for all s € Sy and 0 € W4(s) N, h(Aa(s,0)) = Ap(h(s), o), then
A and B are isomorphic. An automaton A is minimal if every automaton B which is
B-equivalent to A has at least as many states as A4, |S4| < |SB|.

3 Computational Complementarity

Following the study initiated in Moore [18], think of an automaton as a black box. Assume
that we want to “distinguish” between two states p and ¢ of the automaton A by means
of a “measurable experiment”, i.e. by the responses of the automaton to an input w € X*.
Following Calude and Lipponen [5], we say that the experiment is not relevant if it is
applicable to neither p nor g; hence, another experiment is required. On the other hand,
if the experiment is relevant then we have three further possibilities: w is applicable to
either p or ¢ but not to both, or R4(p,w) # Ra(q,w), or R4(p,w) = Ra(q,w). In the first
two cases w distinguishes between p and ¢, and in the third case w does not distinguish



between p and ¢. To summarise, w distinguishes between p and ¢ if Ra(p,w) # Ra(q, w)
(meaning that either w is applicable to both p and ¢ and the responses are different or w
is applicable to only one of the states). In the remaining cases, w may not distinguish or
may not be relevant for distinguishing between p and q.

Consequently, two states p,q € S4 of an automaton A = (S4, A4, Fy) are indistin-
guishable iff

Wa(p) = Wa(q) and Ry(p,w) = Ra(q,w), for all w € Wa(p).

If the states p and ¢ are not indistinguishable, we say that they are distinguishable,
and every word from the set

{w € Wa(p) UWal(q) | Ra(p,w) # Ralq,w)}

is said to distinguish between p and ¢q. Hence a word w cannot distinguish between p
and ¢ if Ra(p,w) = Ra(g,w) or w & Wa(p) UWa(q).

Following the terminology of Calude, Calude, Svozil, Yu [4], we now define the prop-
erties A, B, C (for an automaton A) as follows:

A Every pair of the distinct states of A are distinguishable.

B For every state p of A there exists a word which distinguishes p from all the other
states.

C There exists a word which distinguishes between any two distinct states of A.

(These properties are decidable, see Calude, Calude, Svozil, Yu [4] and Calude and Lip-
ponen [5].)

According to Calude and Lipponen [5], an automaton is minimal iff it has property A,
that is all its states are distinguishable. In fact, since indistinguishability is an equivalence
relation, using equivalence classes of states we can construct a minimal automaton M (A)
for every automaton A: M(A) is f-equivalent to A and has a minimal number of states.

Two complementarity principles can now be defined: C'I means that an automaton
has A but not B and CII means that an automaton has B but not C.

4 Shift Spaces

A subset X of 7 is a shift space if it is topologically closed (with respect to the natural
metric on ¥”) and shift invariant, o(X) = X, where ¢ : £ — %7 is the shift trans-
formation o(z); = ;1 1. The set X% is called the full shift. The language of a shift
X is the set B(X) of all subwords of sequences in X. Two shift spaces X and Y are
conjugate if there is a one-to-one onto morphism ¢ : X — Y which commutes with the
shift transformation, ¢ o ox = oy o ¢. For more details, see Lind and Marcus [17].

To each automaton A = (S4, A4, F4) we associate three shift spaces (of bi-infinite
sequences):

1) the automaton shift,

Sa={(gi,0i,zi)icz | ¢ € Sa,a; € E,z; € O,A4(qs, i) = qiv1, % = Falq)},



2) the label-output shift,

S85° = {(as, zi)icz | (g5, ai, ;) € Sa, for some (g;)},

3) the output shift,
S = {(zi)icz | (gi,ai, ;) € Sa, for some (g;) and (a;)}.

Other relations between finite automata (with initial states) and sofic shifts were ex-
plored by various authors; see Béal and Perrin [1], Kurka [15, 16] and Perrin [19].

In what follows we are mainly interested in expressing complementarity principles of
automata in terms of their induced shifts. The first result proves that there is no such
possibility for output shifts.

Proposition 4.1 There exist two complete automata A and B such that A satisfies prin-
ciple CI, B satisfies principle CII, and Sg = Sg.

Proof. Consider the following automata. The output shift in both cases is the full
shift {0, 1}%.
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The automaton A has clearly property A since all its distinct states are distinguishable;
for instance, w = ¢ distinguishes between ¢ and g4 (R4(g2,w) = 00 # 01 = R4(q4,w)).
But A does not have property B. If the experiment starts with a or b then it cannot
distinguish between the states ¢; and ¢4, and if the experiment starts with ¢ then it
cannot distinguish between g; and ¢o. So there is no experiment which distinguishes ¢;
from the other states.

In the same way we can prove that the automaton B has B but not C. O

The automaton shift completely describes the automaton, i.e., the shifts S4 and Sp
are conjugate iff A and B are isomorphic. Accordingly, there is no real advantage in
using S4 instead of A. It turns out that the label-output shift has the most interesting
properties.

Theorem 4.2 Let A and B be two automata. Then A is B-equivalent to B iff Si’o =
§5°.



Proof. Assume first that A and B are [-equivalent and let h;y : S4 — Sp
and ho : Sp — S be the corresponding mappings. Consider all possible subwords
of the sequences of §3° and S5°. Then B(S3°) = B(S3°). Indeed, if w =
(a1,21) ... (am,Tm) € B(Si’o), then there exist a state p € S4 and an output 41 € O
such that Ra(p,a1...am) = @1 ... mTm+1, hence Rp(hi(p),a1...am) = 1 ... TmTm+1,
SO w € B(S%O).

Conversely, let M(A) and M(B) be the minimal automata of A and B, respectively.

We have
5,0 _ o%,0 _ o%,0 _ o%,0
Swma) =S4 =SB =Sum)

In view of Corollary 6.7, M(A) is isomorphic to M(B), so in particular, they are (-
equivalent, hence also A and B are (-equivalent. O

By Calude and Lipponen [5], two minimal automata are (-equivalent iff they are
isomorphic. The following result shows that for the label-output shifts, the minimal au-
tomaton presenting the shift is unique up to an isomorphism.

Corollary 4.3 Let A and B be two minimal automata. Then A and B are isomorphic
iff their label-output shifts Si’o and S%O are equal.

This result can be used to express complementarity principles in terms of properties
of label-output shifts.

Corollary 4.4 Let A and B be two automata. If A has CI and B has CII, then their
label-output shifts are not equal.

Corollary 4.5 Let A and B be minimal automata such that their label-output shifts Si’o
and S%O are equal. If A has CI, then B has CI, and if A has CII, then B has CIL

Notice that Theorem 4.2 is not valid for automata which are not strongly connected.

Example 4.6 The automata A and B below have the same label-output shifts but they
are not (-equivalent. We also notice that A satisfies principle CII while B satisfies

principle C1.
; b ¢ :
b b b
119 419——(19
a a
TCa Ca b

The following example shows that conjugacy cannot replace equality in Corollaries 4.4
and 4.5.




a,c

Example 4.7 Consider the automata A and B presented below. A has principle CIT
and B has principle CI; nevertheless, X = Si’o and Y = Sg’o are conjugate via the
extension of the morphism ¢ : {a,b,c,d} x {0,1} — {a,b,c,d} x {0,1}, ¢((a,1)) = (d,0),
#((a,0)) = (a,0), ¢((b,0)) = (b,0), ¢((b,1)) = (b,1), ¢((c,0)) = (¢, 0), ¢((c, 1)) = (e, 1),
#((d,0) = (a,1), ¢((d,1)) = (d,1). We will return to this example in Example 5.3.

5 Sofic Shifts

A sofic shift X is a subset of ©Z consisting of all bi-infinite walks on some graph G. Here
G is a pair (S, A), where S is the set of vertices and the transition function A : Sx¥ > §
defines the labeled edges between the vertices; X is the underlying alphabet. We say that
G is a presentation of X, and we write X = Xg.

Notice that the graphs we consider are right-resolving, that is, for each vertex p € S
the edges starting at p carry different labels. Such graphs have a “deterministic behaviour”
in the sense that for every word w € ¥* and every vertex p, there is at most one path
labeled with w and starting from p. This property “reflects” the deterministic behaviour
of the automata considered in this paper.

In what follows, we will consider mainly strongly connected graphs (a property which
is defined in the same way as for automata). This property corresponds to irreducibility of
the sofic shifts. Recall that a shift X having the property that for every words u,v € B(X)
there is a word w € B(X) such that uwv € B(X) is called irreducible. By Lind and
Marcus [17], X¢ is irreducible iff G is strongly connected.

We will now show that the label-output shifts are actually sofic shifts. The idea is to
transform the underlying automaton A into a labeled graph G 4 (over the alphabet ¥ x O)
without affecting the represented shift.

Example 5.1 Consider the following automaton A and graph G. The label-output shift
Si’o is clearly the same as the sofic shift X.

Formally, let A = (S4,Au4, F4a) be an automaton. The graph G4 = (S4,A¢,) has
the states of A as vertices and the transition table Ag, : S4 x X x O > Sy is defined by
Ag,(p,(a,z)) = Aa(p,a) if a € Wy(p) and & = F4(p); otherwise, Ag,(p, (a,)) is not
defined. It follows immediately that a € Wa(p) iff (a, Fa(p)) € Wg, (p), where Wg, (p)



consists of words w € (X x O)* for which Ag, (p,w) # oo. Consequently Si’o = Xg,, so
we have proved the following result:

Theorem 5.2 Let A be an automaton. Then the label-output shift Si’o s a sofic shift.

Example 5.3 We will now return to Example 4.7. The graphs G4 and Gp below are
represented by the automata A and B; it is easy to see that the sofic shifts X¢, and Xg,
are conjugate via the extension of the mapping ¢.

(a,0) Ga: (b.0) (a,0) Gp
O ()
(b,0) (b,0)
(8)—=(a) (8)—=(a)
(b,0) (b,0)

Notice that the graph G4 is strongly connected and right-resolving iff the automaton
A is strongly connected and deterministic. The graph G 4 has also the following property:
For any vertez p, all outgoing edges (a,x) must have the same second label x (the output
emitted by the state p). This property is essential in proving that not all sofic shifts are
label-output shifts.

Theorem 5.4 There exists a sofic shift which is not a label-output shift.

Proof. For the graph G below there is no automaton A such that the shift space Xg
is equal to the label-output shift Si’o.

(a,0) @0)

Indeed, a typical word in B(Xg) is of the form

(a,0)1(b,1)(a,0)2(b,1)... (a,0)*(b,1)(a,0)%*+1,



where k,i1,%2,...,tr > 0 and igy; > 0. Assume, for the sake of a contradiction, that Xq
is conjugate to some Si’o. As k and the exponents 7; may have arbitrarily large values,
it follows that there is a state ¢ € S4 such that Ag, (g, (a,0)) = ¢, and

a) Ag,(g,(a,0)) = ¢ # q for some state ¢', or
b) Ag,(q, (b, 1)) # oco.

The first case is impossible as A is deterministic (and hence G4 must be right-resolving);
the second variant is also impossible as it contradicts the specific property of G 4 mentioned
above. O

The following results show two more specific properties of label-output shifts.
Corollary 5.5

1. There is a shift of finite type which is not a label-output shift.

2. The class of label-output shifts is not invariant under conjugacy.

Proof. Consider the shift X in the proof of Theorem 5.4 which cannot be a label-
output shift for any automaton A. Thus the first claim follows from the fact that X¢ is of
finite type, as the set of forbidden subwords of X is finite: {(b,1)(b,1), (a,1),(b,0)}. The
second statement is proved by considering the same shift X and the conjugacy induced
by the morphism ¢ : {a,b} x {0,1} — {a,b} x {0,1}, (bé(b, 1)) = (b,0), ¢((a,0)) = (a,0),
#((a,1)) = (a,1), ¢((b,0)) = (b,1). Then Xg and Si’ presented by the automaton A

below are conjugate.
A: a
a
(8 19=—5—19

Comment. By a well-known result (presented in Lind and Marcus [17]), every sofic
shift has a right-resolving presentation, i.e., the graph G is right-resolving. However, the
proof of Theorem 5.4 shows that X, in spite of being deterministic (as a graph), has
an intrinsic nondeterministic behaviour which cannot be described by any deterministic
automaton A.

a

6 More About Complementarity and Sofic Shifts

By Corollaries 4.4 and 4.5 we already know that the complementarity principles CI and
CII are properties of the label-output shifts Si’o. In this section we will approach this
fact from another point of view.

The follower set F(p) of a vertex p in the graph G is the collection of labels of
paths starting at p. In the case of G 4, the follower set of p coincides with the set of words
applicable to the state p, Fg,(p) = Wa, (p).

It turns out that the follower sets are closely related to indistinguishability. To prove
this we first need to prove the following lemma.



Lemma 6.1 For an automaton A, (a1,z1)(az,x2)...(ak,xx) € Wa,(p) iff a1...ar €
Wa(p) and Ra(p,ay...a5 1) =21 ...2%, where p € Sy, a; €, z; € O.

Proof. We will use the induction. By definition, (a,z) € Wg,(p) iff a € Wa(p)
and F4(p) = z. Assume now that the result holds for all words of length at most
k—1. Let w = (a1,z1)...(ag,zx) be a word from the set Wg,(p) for some p. By
induction hypothesis, ay...ax 1 € Wa(p) and Ra(p,a1...ax 2) = x1...2p 1. Let
g = Ag,(p,(a1,21) ... (ag—1,7k—1)). By definition, A4(p,a;1...ar—1) = g and since
(ak, zr) € Ag,(q), we have a, € W4(q) and Fa(q) = x. But now

Ry(p,ay...ax—1) = Ra(p,a1...ap—2)Fa(Aa(p,a1...a5-1))
= x1...25_1F4(q) = 21... 2.

This is clearly the case also for the converse implication. O

Theorem 6.2 Two states p,q € Sa are indistinguishable iff Fa,(p) = Fa,(q)-

Proof. If the states p,q in A are indistinguishable then Wa(p) = Wa(q) and
Ra(p,w) = Ra(q,w) for all w € Wx(p). We want to prove that Wg,(p) = We,(q).
Take any word w = (a1,21)...(ak, zx) € Wg,(p). By Lemma 6.1, w = aj...a; €
Wa(p) and Ra(p,a1...ax_1) = x1...x%. In view of the hypothesis, w € Wyu(q) and
Ry(q,a1...a5—1) = x1...z1. Hence, applying Lemma 6.1 again, the word w belongs to
the set Wg,(¢), too. Changing the places of p and ¢ in the above proof, we obtain the
equality We, (p) = Wa,(q)-

Assume now that Fq,(p) = Fg,(q), in other words Wg, (p) = Wg,(¢). We want
to prove that Wa(p) = Wa(q) and Ra(p,w) = Ra(q,w) for any word w € Wy(p). So
assume that w = ay...a; € Wa(p), and let R4q(p,w) = @1...2k1. Since A is strongly
connected, there has to be a letter, say ayi1, such that Ay(p,wagyq1) is defined and
Ra(p,wagy1) = 1...TEi1%Tkro. By Lemma 6.1, w = (a1, 1) ... (ak, zx)(agi1, Thi1) €
We ,(p). By hypothesis, w € W¢ , (¢) which again by Lemma 6.1 implies that a; ... ag4+1 €
Wa(q), consequently, ay...a; € Wa(q) and Ra(g,ay...a;) = 1 ...Txxpr1. Thus the
states p and ¢ are indistinguishable in A. O

The following example shows that Theorem 6.2 does not hold if the automaton A is
not strongly connected.

Example 6.3 In the automaton A below the states ¢; and ¢o are distinguishable by
w = a; however, in G4 the follower sets F¢,(p) and F¢,(q) are equal. Notice that the
shift Si’o is still the same as the sofic shift Xq,.

For an incomplete automaton A = (S4, A4, Fa) the length of the shortest words to
check whether two states p, g € S4 are distinguishable is |S4|—1 (see Calude and Lipponen
[5]) whereas for complete automata the bound is |S4| — 2 (see Calude, Calude, Svozil and
Yu [4]). We can prove that for incomplete automata the bound |S4| — 1 is needed only
when all outputs of states of A are the same, and moreover, the word w which distinguishes
between p and ¢ belongs to W4(p)AW4(q). With this in mind we are able to improve the
bound presented in Lind and Marcus [17] for output-label shifts.

10
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Proposition 6.4 Let G4 be a graph corresponding to an automaton A and p,q € Sa.
Then Fa,(p) # Fa,(q) iff there is a word w of length |Sa|— 1 which belongs to Fa,(p) A

Faa(a)-

Proof. Assume first that the follower sets of the states p,q are different. Then by
Lemma 6.2 the states p,q € S are distinguishable. Let w = ay...ax, a; € X, be the
shortest word which distinguishes these two states. We have two possibilities: If w €
Wa(p) AWa(q) then |w| < |S4|—1. Hence the word w = (a1, z1)(a2, z2) . .. (ag, xx) which
is of the same length belongs to either F¢, (p) or F¢,(¢) but not to both. On the other
hand, if w € Wa(p) N Wy(q) then Ra(p,w) # Ra(q,w) and |w| < |Sa| — 2. If Ra(p,w) =
r1Ty ... TpxE41 then there is a letter a1 € ¥ (A is strongly connected) such that the
word w = (a1,21)(az, z2) ... (ak, x)(ak+1, Trr+1) belongs to the set Fg, (p) A Fa,(q).

The other implication is obvious. O

We say that a graph G is follower-separated if all distinct vertices have distinct
follower sets. By Theorem 6.2, we easily obtain the following result:

Theorem 6.5 The automaton A has property A iff G4 is follower-separated.

A graph H is a merged graph from G if the vertex set of H consists of disjoint
equivalence classes of vertices of G, where two vertices are equivalent if they have the
same follower sets. Hence by definition, the merged graph is always follower-separated.

Corollary 6.6 The automaton A is minimal iff G 4 is merged.

Corollary 6.7 If A and B are minimal automata satisfying the condition Si’o = S%O,
then they are isomorphic.

Proof. The proof will be essentially based on two results by Fischer [10, 9] which will
be quoted in the form given by Lind and Marcus [17]. Consider the graphs G4 and G
and notice that
X =Xg, =879 =8%° = Xg,.

As A and B are minimal and strongly connected then G 4 and G g are merged and strongly
connected, so X is irreducible. By Corollary 3.3.20 (Lind and Marcus [17, p. 83]) it follows
that G4 and Gp are minimal presentations of X. Finally by Theorem 3.3.18 (Lind and
Marcus [17, p. 82]), G4 and Gp are isomorphic graphs which assures that A and B are
isomorphic automata. O
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Comment. From the above analysis it follows that one can define the analogues of
CT and CII for label-output shifts. These are properties of label-output shifts, i.e., they
do not depend on specific representations of label-output shifts. Further on, if X = Si’o
and has CI (resp. CII) then A has CI (resp. CII) if it is minimal.
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