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Background:

Mostly electronics and computer engineering, with

mathematics as well.

Introduced 3D computer graphics into the computer

engineering curriculum at MIT in 2004.

Summer 2004-5 meetings with Vladimir Kovalevsky.

April 2005 Reinhard Klette suggests topic.



1) Definition of curvature?
2) “Non-mean” curvature?

3) Curvature “estimators”?

Differential Geometry
Computational Geometry
Digital Geometry

3D Computer Graphics



Definition of curvature:

It’s a property associated with points of planar

curves, space curves and surfaces.

It is a real-valued scalar, sometimes restricted to

being non-negative.



Non-mean curvature?

What are the different curvatures?

1) Only one type for plane curves.

2) Curvature and torsion for space curves.

3) For surfaces
normal curvature,
principle curvature,
mean curvature,

Gaussian curvature.



Estimators?

Digitization of 3D analogue objects.

e.g. range scan, density scan

Digitization generally results in loss of information.

Given data from digitization, the properties of the

original object can only be estimated.



Planar curves.

Tangent & curvature.

Ficurg 1. Curvature.

Consider a pla,ha,r curve with a,rc—length [ from the point pg to the point p, and
the counter-clockwise angular advance a between the tangents at pg and p as
illustrated, for example, in figure (1). Then the curvature of the curve at the point

po is defined to be

‘ a da
b= Hm o=



Surfaces.

The intersection of surface and plane is a plane curve in
the surface.

Tangent & curvature.



Surfaces.

Many plane curves share the same tangent but give
different curvature at the same surface point!
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Surfaces.

Two tangents & the normal.

<
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Surfaces.

Normal curvature is unique for each tangent direction.

e //

But there are still many normal curvatures at each
point of the surface!
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Surfaces.

The two principle curvatures k; and k, are defined as
the minimum and maximum normal curvatures.

k, +
2

The mean curvature is defined as:

The Gaussian curvature is defined as: k’le
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Surfaces from 3D digitization.

Gaussian digitization.

Curvature estimates from digitized objects can be
checked for accuracy when synthetic objects are used.
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Surfaces.
Synthetic objects.

Spheres.
Surface curvature estimation. [HK03][KRO04]

Start with grid based “cuts”.
1) Tangents?
Digital Straight Segments.
2) Normal curvature?
Meusnier’s Theorem.
3) Mean curvature?
Average of normal curvature from any two
orthogonal cuts.

Easy to check because sphere has constant curvature!
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Surfaces.
Synthetic objects.

Ellipsoids.

Note that surface area calculation requires
numerical evaluation of integral! [Tee04]

What about curvature calculations?
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Planar curves.
Parametric specification.

A planar curve P € R? can be specified parametrically as the set of points

p={p = [ 110] ]t < < e
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Planar curves.
Speed.

The speed of a plane curve parameterization at the point p is

H("H-) = ||pu|| — \/f}%u —|_1”%u

Note that with this notational convention pf, has the same meaning as (dpy /du)?
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Planar curves.
Arc-length.

The arc-length of a curve p is given by

Umar
/ s(u) du
Umin

Arc-length can more generally be considered as a function of v where the length
is that from some starting point in the curve, parameterized by ug, to an arbitrary
point in the curve parameterized by .

l(u) = / s(u) du
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Planar curves.
Tangent.

The unit length tangent to a curve at the point r is given by

p'?.t pu

t: =
[Pull s
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Planar curves.
Curvature calculation.

Curvature for plane curves can be computed directly from the curve parameter-
ization as
b — PruP2uuw — Pluul2u
[|pull?

Note that curvature is dependant on both the first and second derivative of the
curve parameterization.
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Surfaces.
Parametric specification.

A surface P C R3can be specified parametrically as the set of points

P1 (’H. '1-1}
P = p{“‘ -,[_!J = P2 ("H.. '1-1}
P3 (’H.. '1-1}

Umin <~ U <~ Umax
Umin < U < Umazr
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Surfaces.
Normal.

The unit length surface normal at the surface point p is

n— Pu < Pu
||pu- X pt-‘||

: , : , 9 P
Note that with this notational convention p, means U}—E and p, means a—f’
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Surfaces.
How can the minimum and maximum normal curvatures
be found when their directions are not known first?

y
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Surfaces.
The Weingarten matrix!

. . e . . . . . . |la b
I'he Weingarten matriz for a given point p in the surtace P is the matrix [ J
. c o«

such that

o
[ﬂu 11-1;} = [p-u- p L] [? (;]

The two eigenvalues of the Weingarten matrix at a surface point are negations of
the principle curvatures kp,in and k4. at that point. and the two eigenvectors are
the directions of those curvatures.
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Surfaces.
Curvature calculations.

First fundamental (quadratic) form variables:
E:pu’pu F:pu'p’f_! (;’F:pff_:'p-v
Second fundamental form variables:

[l=1 Pyu M=N Puy N =10"Puyw

The Weingarten matrix can be calculated as follows
1 Fm—Gl Fn—Gm

L = EG —F2 |Fl— Em Fm— En
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Surfaces.
Curvature calculations.

First fundamental (quadratic) form variables:
E:pu’pu F:pu'p’f_! (;’F:pff_:'p-v
Second fundamental form variables:

[l=1 Pyu M=N Puy N =10"Puyw

The mean curvature can be calculated as follows

B En+ Gl —-2Fm
- 2(EG — F?)

The Gaussian curvature can be calculated as follows
In —m?2

K =
EG — F2
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Sphere curvature.

Surfaces.




Surfaces.
Cylinder.

Mean
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Surfaces.
Cone.
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Surfaces.
Torus curvature.

Mean
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Surfaces.
Ellipsoid curvature.

An ellipsoid parametization:
@ sin u /9
P =< plu,v)=| bcosucosv
€ COS U SN v

Mean curvature of ellipsoid:
(ﬂbc) b* + 2 + (a? — 2 + (¢? — b?) cos? v) cos? u

H —
2 ) (b2c2 — ((b2 — c2)a? cos? v + b2(c?2 — a?)) cos? u)3/2

Gaussian curvature of ellipsoid:
a’b?c?

K =
(b%c? — ((b* — ¢?)a? cos? v + b?(c? — a?)) cos? u)?
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Surfaces.
Ellipsoid curvature.

(Gaussian




Ellipsoid curvature estimation.

1) Use the [HKO03] method?

2) At which point in the real surface is the curvature
estimated?

3) Use the geometric interpretation of Gaussian
curvature?

4) Other methods? [TT05]?

5) Comparison of Gaussian & mean?

6)
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[AF97]

[BKO04]

[DS96]

[HKO3]

[KRO4]
[Len97]

[Tee04]

[TTO5]
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