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Abstract

It is shown that the centroid is a reference point for the symmetric difference with loss factor ¢, =
1+ Qdd—fl < 1+ 2d for convex figures under affine transformations. This generalizes an earlier result

for two dimensions.

1 Introduction

We generalize the result of [3] to d > 1 dimensions. We show that the centroid is a reference point
for the symmetric difference with loss factor ¢, = 1 + 2dd—; < 1 + 2d for convex figures under affine
transformations.

Reference point methods are so called approximate matching methods, i.e. they yield matches which
differ only by aconstant factor from the optimal match. In the case of exact matchesthey aretherefore guar-
anteed to yield the exact result. Reference point methods reduce the degrees of freedom of the underlying
matching problem and therefore yield very efficient algorithms.

In the foundational works on reference points Alt, Behrends and Blomer [1] and Alt, Aurenhammer
and Rote [2] identified the advantages of reference point methods and presented strong results, e.g. that the
Steiner Point isareference point for the Hausdorff metric. In[3] Alt, Fuchs, Rote and Weber obtained sharp
bounds for the centroid and the symmetric difference of convex figures in two dimensions and discussed

algorithms utilizing the reference point. The results have been discussed e.g. in [4, 5, 6].

2 Main Result

In the following we assume d > 1, sincefor d = 1 the centroid is trivialy areference point with optimal
loss factor 1.

Given a set ® of figures, i.e. compact subsets of R%, a metric §(F,G) : ® x ® — R, a set of
transformations closed under composition 7 ¢ (R%) 2",



Be 677" (F,G) = rfrg%l S(F,t(@)). Itiswel known, 557 fulfils the triangle inequality. We identify
points with vectors and trandations, e.g. a — b isthe trandation that maps b to a. It is also the trandation
vector. We number the directions of the axes and coordinatesin R from 1 to d, i.e. we say e.g. direction
d and d-coordinate. A characteristic point r for ® isafunctionr : & — R<.

Definition 1 A reference point r with loss factor ¢ for 6, ® and T is a characteristic point for ® with
e risequivariantfor T for all t € T": rt = tr,
e Forall F,G thereisat € T with r(F) = r(t(G)) sothat §(F, t(G)) < cdP*(F, G).
t is called a c-approximate match.

For areferencepoint r let 6" (F, G) = O(F,t(@)).

min
teT,r(F)=r(t(G))

Belossy(F,G) = 6‘2;52’%).

T )
Let z be the centroid of afigure. z is a characteristic point. Let §,(F, G) be the area of the symmetric
difference FFAG. Let A bethe set of affine transformations.

Let C bethe set of convex figures.

Theorem 1 z isa reference point with lossfactor ¢, = 1 + Qdd—fl for ¢, C, and the translations.

Remark: Note that with the upcoming Theorem 3 z is aso areference point for affine transformations.

2.1 Preliminariesof the Proof

The height of afigure shall be the difference of minimal and maximal d-coordinates of pointsin F'.

The bottom shall bethe d — 1 dimensional plane of axes except the direction d.

The shadow of a figure shall be the projection along direction d onto the bottom. It isafigureind — 1
dimensions; we call itsd — 1-volume an area.

For afigure F' let F’; bethe following figure: In akind of Cavalieri principle, think of F' as being made of
infinitesimally thin sticks which are parallel to the d-axis. Stamp F' so that al sticks start at the bottom.
Theresulting figure is F'; the upper hull of F'; isthe upper hull of F' minusthe lower hull of F'.

The thickness of afigure shall be the height of Fs.

A non-obliquefigureis afigure, where the thicknessis equal to the height.

A shear-to-fit for figure F' is a shear operation ¢ parallel to direction d so that ¢(F') is non-oblique.

A pyramid is the convex hull of ad-1 dimensional set and a not coplanar point.

Lemma 1l For all convexfigures F' there is a shear-to-fit.

Proof: Let Fp be the open set, for which F' is the compact closure. Let |ab[ be one of the longest thin
stick of F indirectiond. Let F, = Fp — a + b. Fp and F/, aredigoint, but b is acommon limit of both
open sets. Hence there is a hyperplane h separating Fo and F, (See Figure 1). It must go through b and
therefore be a tangent to both sets. » can not be parallel to the d-axis due to the position of F'o and FY,.
h—b+aisalsoatangent of Fp and parallel to ~. The shear operation g that makes h parallel to the bottom
fulfils the demands. OJ

Lemma 2 F; isconvexfor all convexfigures F'.
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Proof: Assaid, the upper hull of F; isthe difference of upper and lower hull of F'. The lemmafollows
from the fact, that the sum of two convex functionsis convex. [

Lemma 3 For all figures with thickness 1 and an area of the shadow of 1, the pyramid has mimimum
volume, namely 1/d.

Proof: The volume formulafor the pyramid is well known. For the rest of the claim, let ' be afigure
with thickness 1 and an area of the shadow of 1, as shown in Figure 2 The thickness is also the height of
F;. The shadows and volumes of F' and F'; areequal. Let a be apoint of F5 with maximal d coordinate.
Then the convex hull of the shadow of F' and a isapyramid that lieswithin F'g. O

Lemma 4 Of all non-oblique convex figures of height 1, which touch the bottom from above, the standing
pyramid has minimal d-coordinate of the centroid in dimension d. The centroid of the pyramid has d-
coordinate1/(d + 1).
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In fact the shape of the pyramid’s bottom facet does not matter.
Proof: Theformulafor the d-coordinate of the pyramid’s centroid is well known.
We assumewlog. F' = F (using dlso LemmaZ2). Then F' stands on the bottom.
Let a bethetop of F. We cut F' at the height of its centroid with ad — 1-dimensional hyperplane i parallel
to the bottom. Let : be the intersection (See Figure 3) Let P’ be the pyramid which is the convex hull of ¢
and a. Let P be the smallest pyramid standing on the bottom, which contains P’. Due to convexity:

e [" must contain the pyramid P’.

e Thepart of F' below h must be contained within P, because the boundary of i is also boundary of F
and P.

Hence P — F'liesbelow h and F' — P liesabove h. From thisfollowsimmediately, that z(P) hasasmaller
d-coordinatethan z(F'). O

Lemma5 Letbee > 0. Thereare F’, G’ with F/ € G’ and 6°P*(F',G') = |G’ — F'| < € so that
lossp(F', G") > lossp(F, G).

Proof: Itisastraightforward consequence of the triangleinequality. let wlog. be F, G in optimal position.
ChooseF=F1 D F,D...0F, =(FNG)C F41 C ... C F, =G, sothatal 6,(F;, Fiy1) < e like
in Figure 4. Because F;AF;, aredigoint we have )" §,(F;, Fir1) = 0:(F,G). Thetriangle inequality
gives:
> 8"(Fi, Fin) > 0"(F,G)

Hencewith lossy (F, G) =1

20" (F, Fiya) _ 07(F,G)

Z 5S(Fiv Fi+1) N 55(F, G)
We use the following fact about the the weighted mean as a generalized pigeon hole principle:

For ay,...a, and positived; ... b, thereisal < j < n with ‘;—j > %—‘;

=1

From thisfact follows, that there are F;, Fj41, with

0" (Fy, Fjy1)

>1
5S(Fj’Fj+1)

Hence I’ = F;,G" = Fj4, fulfil thelemma. O

Lemma6 For everyt € A (the affine mappings) : 10ss4 (F, G) = loss4 (t(F), t(G)).
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Figure 5: The displacement regions. One region is shaded.

Proof: The claim holds due to the equivariance of the centroid under affine mappings and the fact, that
affine mappings preserve the ratio of areas.

2.2 Proof of Theorem 1

The proof can be seen as basically showing, that there is nothing worse than the worst case which will be
presented in theorem 2.
Because of Lemma 5, it suffices to consider ' C G. Because of Lemma 6 we have enough degrees of
freedom in order to assume wlog that F, G are normalized in the following way: z(F') — z(G) is paraléd
to the d-axis, G is non-oblique (using Lemma 1) and has height 1 and an area of the shadow of 1. Using
again Lemmab5 it sufficesto consider |G — F| < 1/d.
Let f = G — F,r = |f|/|IG|,t = z(F) — 2(G),k = |t|]. We will show, that the trandlation ¢ is a c-
approximate match. The set GA(t + G) consists of two regions as depicted in Figure 5, we call them the
two displacement regions. As shown in [3] we know that each displacement region has areasmaller 1 - k.
Hence we have:

Is(Fyt + Q) <2k +|f] (1)

With Lemma 3 we have
r < d|f] )



Letl = |z(f) — 2(G)|. With Lemma4 we have, since z( f) must bein G

d
1< ——
Td+1

The relation between the d coordinates of the centroids of F, f and G is described by the law of the lever.

3

[2(F) = 2(G)] - [F| = |2(f) = 2(G)[ - | /]

E(l—r)=lIr (4)
Applying (3) gives:
r d d d?
k=l s =g Ve ya—anm ®)

The term (1 — d|f]) in the denominator is now the last obstacle for proving the loss factor ¢, from the
theorem.
We will therefore first deduce an inequality similar to the desired one but with a disturbed version of

the term we want to prove asloss factor ¢(d,a) = 1 + 2 m. Applying (1) and (5) we get:

d? d?
@rna—am’ V=0 2 aena—an
It is clear that é(d,a) > c,. It is furthermore clear that (111310 é(d,a) = c,. The disturbed loss factor
would be greater than the one we want to prove. Now we show with an asymptotic argument, that the
disturbed loss factor cannot occur as an actual loss. We show by contradiction that thereisno F' C G with
loss(F, G) > ¢, inthefollowing way: Assume F,.G withloss(F, G) = ¢’ > c¢,.

Choose a so that ¢(d, a) < ¢’. Thenby Lemmab thereare F/, G’ with F' C G/,

§PUF',G") = |G — F| < a o that loss(F’,G’) >loss(F,G) = (. But the inequality (6) yields a
loss(F,G") < &(d, a) and by definition é(d, a) < ¢’. Therefore there cannot be such F, G. Hencec, isa
loss factor. [

5 (Fit+G) <2 )£ = &d, |F)dopi(F,G) (6)

3 Minimality
We now prove that the loss factor from Theorem 1 is minimal.

Theorem 2 Thereisnoc < c, =1+ 2#21 with: zis a reference point with loss factor ¢ for ¢4, C, and

the trandlations.

Proof. We giveaclass of bad cases, by giving one G and a class of figures { F'.} for which

lim loss (F, G) =1+ 275
Let G betheconeof areal and height 1, and F'. itsfrustrum of height 1 —e. We make some error-estimation
for e — 0. In contrast to (1) we have to estimate 6 ;(F., G) from below. The inequality in (1) is caused
by two sources of error, we call them b(¢) for the periphery of the displacement regions and i(¢) for the
overlap of the cap and the displacement region (See Figure 6).

8,(F.,G) > 2k + |f] — b(e) — h(e) @)
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Figure 6;: The worst case. The figures are aligned so that the centroids match. The sources of error
addressed in the proof are visualized.

The thickness of the displacement region is O(e?). therefore b(e) = O(e?*!) and h(e) = O(e2?1).
Henceford > 1
0s(Fe, G) > (2k + | f)(1 + O(e)) (8)

It thereforeis sufficient to show liIr%) 2k + | f| = c,. Straightforward computation gives

d d d? —
2k -+ |f] = 257 (1= =7y + 1 = (L + 25 7=l ©

Therefore lin% 2k + |f] = c..
a

4 Regular Reference Points
It seems interesting to consider a special class of reference points:

Definition 2 Let T" be closed under composition and containing the translations. Then a regular reference
point with regular loss factor ¢ for §, ®, and the trandations is a characteristic point with

e risequivariant for T

e Foral F,G with§(F,G) = §°PY(F,G): §(F — r(F),G — r(G)) < cd°P(F,G)

A regular reference point is a reference point even for transations. In the definition we use the fact
that because of the equivariance one can look solely at figures in optimal matching position. If we have
aregular reference point, then translating the optimal match, so that the regular reference points coincide,
yields aapproximate match. For ageneral reference point in contrast it isonly known, that one approximate
solution has coincident reference points.

It seems best to discuss regularity always for the loss factor, not for the reference point itself, because
the latter may theoretically be also ageneral reference point with asmaller loss factor.

Currently no loss factor for a reference point seems to be known which is not at the same time aregular
loss factor. 1t would of course be interesting to have loss factors that are not regular loss factors, i.e. either
thereis no regular loss factor or it is greater. Artificial examples may be cases, where the transition set is



artificialy reduced, so that it is not closed under translations and hence the definition of regularity does not
apply. However, even thisis not trivial.

It is easy to seein the proof of Theorem 1, that the loss factor is regular, because the transformation
used in the proof is atrandation.

If we have areference point in tranglations, then thisis already aregular reference point with the same
loss factor for all tranglations, for which it is equivariant. The following theorem was presented e.g. for the
centroid in [3].

Theorem 3 Given a set ® of figuresin R¢, a metric 6(F,G) : ® x ® — R, a set of transformations
closed under composition T' C (Rd)Rd and containing the translations, a reference point r : F' — R with
loss factor ¢ > 1 for §, @, and the translations . Furtermore r be equivariant for 7. Then r is a regular
reference point with regular loss factor ¢ for §, ®, and the translations.

Proof.

Bet°r! € T atransformation, which brings G in optimal position, i.e. §(F, t°?(G)) = 657 (F, G).
Be G’ = t°P(G), Bet = r(F) — r(G"), hence t(r(G")) = r(F).

Bet°(f) := t(t°P'(f)), t° € T because of closedness.

We have to prove: t° is aapproximate match, i.e.r(t°(G)) = r(F) and §(F, t°(G)) < 3 (F, G)
We have t°(G) = t(t°P*(G)) = t(G")

With equivariance we have: r(t°(G)) = r(t(G")) = t(r(G")) = r(F).

Because r is reference point for translations:

S(F,t°(G)) = 6(F,t(G")) = ¢ < 6(F,G') = 6" (F, G)
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